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• NS crust 
• Nuclei - outer crust - up to density  , pressure - 

experimentally available (measured). 
Mass , thickness .  

• NS -inner part of the outer crust, inner crust,  core - based on the theory of dense matter and 
extrapolation of nuclear properties measurements 

• Catalyzed crust - global minimum of energy, all reactions leading to a lower energy of the 
system allowed  

• Accreted crust - temperature too low to reach global equilibrium (thermonuclear reactions 
blocked)  local equilibrium at fixed number of nuclei - local energy minimum 
(additional constraints in thermodynamic equilibrium)

ρ ∼ 1011 g/cm3 P ∼ 1029 erg/cm3

ΔM < 10−5M⊙ ΔR ∼ 400 m



• Compression of the crust
• Minimising of energy - assuming very fast reactions 
• At any moment matter is in (local) equilibrium. 
• Single nucleus approximation 
•                                     
• Reaction layer defined by  

- macroscopic  processes (accretion, compresion) 
- microscopic processes (reaction rate) 

• How large is reaction layer ? 

•

⇓
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ABSTRACT

Context. The accumulation of accreted matter onto the neutron star surface triggers exothermic reactions in the crust.
The heat released influences the luminosity exhibited by the X-ray transient. The current approach to the kinetics of
exothermic reactions in the crust of accreting neutron stars is to consider an infinite reaction rate.
Aims. We investigate accretion-related heat release by including experimentally based reaction rates in the kinetics of
electron captures in the accreted outer crust of a neutron star.
Methods. A simple model is used to compute the equation of state of a crust in which two nuclei can coexist. We solve
the number of parent nuclei as a function of the depth in the star and the time variable using astrophysically motivated
features of the accreting system. We calculate the heat release and neutrino loss associated to the reactions in the outer
crust.
Results. We find the existence of layers in the outer crust which contain both parent and grand-daughter nuclei of
electron captures. The reactions can occur deeper in the shell than the reaction threshold and therefore release more
heat than expected in the previously established approaches. The electron capture layers continue to exist even when
the accretion has stopped. Heat sources are time dependent and the total heat released is significantly increased.
Conclusions. The total amount of heat released per accreted nucleon in the shells of the outer crust is larger by around
40-75% compared to the previous approach. The neutrino loss results in the heat deposited being approximately a forth
of the heat released by exothermic reactions.

Key words. electron captures – dense matter – equation of state – stars: neutron – accretion – nuclear reactions

1. Introduction

Neutron stars in binary systems are subject to accretion
when their companion star transfers them matter. This
highly luminous phenomenon is observed particularly well
in the X-ray band of the electromagnetic spectrum. Accre-
tion can occur through stellar winds or through an accre-
tion disk if the companion star has evolved into a Roche
Lobe donor. In the case of accretion by Roche Lobe over-
flow, accreted material crashes onto the neutron star surface
(spinning up the star in the process) when a loss of angular
momentum is triggered in the accretion disk.

The composition and the equation of state of the crust of
an accreting neutron star is different from that of the crust
of an isolated -catalyzed- neutron star. As material origi-
nating from the companion star crashes onto the neutron
star envelope, thermonuclear burning occurs (Meisel et al.
2018) such that ashes with nucleon number A = 50� 110
are deposited on the crust surface and progressively pushed
deeper in the star. Contrary to a catalyzed crust which is
at global equilibrium, an accreted crust is at local equilib-
rium: the element that falls onto the surface is compressed
and subject to non-equilibrium and exothermic reactions.
The energy released by electron captures and pycnonuclear
fusions deposit heat in the crust: this process is called deep

crustal heating (Brown et al. 1998). The heat deposited
is transported in the star and radiated through the atmo-
sphere; the resulting luminosity exhibited by the star can
be observed after the active accretion process has stopped,
that is to say, during quiescence. Consequently, models of
accretion related heating of the crust can be compared to
the thermal relaxation of X-ray transient sources.

The most common approximation to model the crust of
an accreting neutron star is the fully accreted crust approx-
imation: the original crust, that is to say the crust present
before any accretion has taken place, is neglected. In this
approximation, the crust is solely made of accreted ma-
terial, and the heat sources are always located the same
in the crust. Partially accreted crusts are considered when
the amount of accreted matter is small enough that the
original crust must be studied while it is being compressed
under accreted material, see Suleiman et al. (2022) and ref-
erence therein. The usual approach to the crust equation of
state and composition is the single nucleus model (Haensel
& Zdunik 2008; Fantina et al. 2018; Potekhin & Chabrier
2021); the role of neutron diffusion was investigated re-
cently, and found to not significantly affect the heat release
of the outer crust, see Shchechilin et al. (2022); Potekhin
et al. (2023).
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Electron captures on an even-even parent nucleus
(A,Z), with A the nucleon number, and Z the proton num-
ber, occur according to the pair of reactions

(A,Z) + e
�
! (A,Z � 1) + ⌫ slow , (1)

(A,Z � 1) + e
�
! (A,Z � 2) + ⌫ fast , (2)

with ⌫ electronic neutrinos, (A,Z�1) the daughter nucleus
and (A,Z � 2) the grand-daughter nucleus. The first elec-
tron capture is slow, whereas the second electron capture
can be considered instantaneous due to the nuclear energy
drop when passing from an odd-odd nucleus (A,Z � 1) to
an even-even (A,Z � 2) one. Therefore, kinetics of the pair
of reactions is dominated by the first electron capture. The
prevailing approach to the kinetics of electron captures
in deep crustal heating is that all nuclei in an infinites-
imally small piece of accreted matter are instantaneously
changed from parent to daughter nuclei once the pressure
threshold of the reaction has been reached Sato (1979);

Haensel & Zdunik (1990, 2003, 2008); Fantina et al.

(2018); Shchechilin & Chugunov (2019); Chugunov

& Shchechilin (2020); Shchechilin et al. (2022); in
the following, this approximation is referred to as the "in-
stantaneous approach".

Finite reaction rates of electron captures in the

crust of accreting neutron stars were discussed in

Bildsten & Cumming (1998); Ushomirsky et al.

(2000): their study which includes temperature ef-

fects, focused solely on stationary accretion and

does not include the complete nuclei dependence on

electron capture rates. Full reaction networks be-

yond the one component approach were discussed

in Gupta et al. (2007, 2008); Steiner (2012); Lau

et al. (2018); Schatz et al. (2022): the role of reac-

tion rates computed in the theoretical quasi-particle

random phase approximation on nuclei abundance

in the crust is discussed. Explain here what’s dif-

ferent from our approach. Shchechilin & Chugunov

(2019) found that complete reaction networks lead

to a total heat deposited similar to the "instanta-

neous approach". The impact of time dependent ac-

cretion on the heat release subsequent to the pyc-

nonuclear fusion of
34

Ne in the inner crust while

considering a finite reaction rate was studied in

Yakovlev et al. (2006). However, once again, the full

impact of a pressure and time dependence of nuclei

abundances in the mixed layers was not assessed.

In this paper, we discuss how including the reaction rate of
electron captures with a complete nuclei dependence

informed by nuclear experiments affects the composi-
tion and the heat release in a fully accreted outer crust con-
structed within the single nucleus model and subjected

to time dependent and transient accretion.
In Section 2, we present the simple approximation taken

to model the behavior of a piece of matter with a mixture
of parent and grand-daughter nuclei in the outer crust of
a neutron star in an accreting binary system. The equa-
tion of state followed by the mixture of parent and grand-
daughter nuclei is derived in Sec. 2.1. Transitions between
the different shells of the outer crust in this approach are
established in Sec. 2.2. Section 2.3 discusses the derivation
of electron capture reaction rates and the equation to solve
the parent nuclei abundance is presented in Sec. 2.4. Astro-
physically motivated cycles of accretion alternating active

and quiescent phases, as well as values of accretion rates
are discussed in Sec. 2.5. The heat release and neutrino loss
related to the parent nuclei abundance is derived in Sec. 2.6
and Sec. 2.7. Results for the parent nucleus abundance are
presented in Section 3 for the five shells of an 56Fe ashes
accreted crust for various scenarios of the accretion cycle.
Results for the heat released as well as the neutrino loss are
presented also in this section and compared to the results
in the instantaneous approach.

2. Methods
2.1. The accreted outer crust equation of state

A simple approach is taken to establish the zero-

temperature relation between the pressure and the den-
sity -equation of state- in the outer crust of an accreted
neutron star: a lattice allowing for the mixture of two nu-
clei is permeated by a gas of electrons. The pressure of a
degenerate gas of electrons is given by

Pe =
(mec

2)4

(~c)3 �(⇠) , (3)

with ~ the reduced Planck constant, c the light velocity
such that ~c = 197.33 MeV fm. The electron Fermi mo-

mentum is pFe = n
1/3
e (3⇡2)1/3~ and the relativity pa-

rameter ⇠ = pFe/mec with ne and me respectively the

number density and mass of the electron (see e.g.

Shapiro & Teukolsky (1986)). The expression of the
electron’s pressure and energy density involves the di-
mensionless functions

�(⇠) =
⇠
�
1 + ⇠

2
�1/2 � 2

3⇠
2
� 1

�
+ ln

⇣
⇠ +

�
1 + ⇠

2
�1/2⌘

8⇡2
, (4)

�(⇠) =
⇠
�
1 + ⇠

2
�1/2 �

1 + 2⇠2
�
� ln

⇣
⇠ +

�
1 + ⇠

2
�1/2⌘

8⇡2
. (5)

In the outer crust, below the liquid ocean, electrons are
relativistic: ⇠ � 1. In the considered reactions layers, the
relativity parameter ⇠ is between 8 (for the first layer), up
to ⇠ 40 (for the deepest one). With an accuracy better
than ⇠ 1%, one can use ultra-relativistic approximation
�(⇠) ' ⇠

4
/(12⇡2).

An ion lattice correction to the pressure, denoted Plat, is
added to the rigid electron background pressure by consid-
ering nuclei of number density nI . The volume per nucleus
is 1/nI and the volume of a sphere centered at a nucleus (the
ion sphere) has the radius aI = (4⇡/3 nI)�1/3. The number
density of nuclei nI is related to the electron density by

ne = nI (XZ0 + (1�X)Z2) ; (6)

for the capture of two electrons, the parent nucleus pro-
ton number is denoted Z0 and the grand-daughter nu-
cleus proton number is denoted Z2 = Z0 � 2. The quantity
X = N0/(N0 + N2) designates the nucleus (A,Z0) abun-
dance, with N0 the number of parent nuclei (A,Z0) and N2

the number of grand-daughter nuclei (A,Z2).
The lattice pressure Plat for a mixture of two nuclei is

given by

Plat = �0.3

✓
4⇡

3

◆1/3

n
4/3
e e

2
F(X) , (7)
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• Mixture of two nuclides (isobars) 
• Parent nuclei  
• Grand-daughter nuclei  

•

N0 (A, Z)
N2 (A, Z − 2)

X =
N0

N0 + N2
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with e the elementary charge, and F a function determined
by the linear mixing rule (for details, see Section 2.4.7 of
Haensel et al. (2007)), which for a mixture of parent and
grand-daughter ions is given by the formula

F(X) =
(Z0 � 2)5/3 +X

⇥
Z

5/3
0 � (Z0 � 2)5/3

⇤

Z0 + 2
�
X � 1

� . (8)

The relation between the baryon density denoted n and
the density of electrons in the linear mixing rule approxi-
mation is

n(P,X) =
ne(P,X) A

XZ0 +
�
1�X

��
Z0 � 2

� . (9)

The relation between the pressure and the baryon density
in this approximation is given by

P =
(mec

2)4

(~c)3 �

⇣
↵(X)n1/3

⌘
+ �(X)n4/3

, (10)

with

↵(X) =
(3⇡2)1/3~c
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2

✓
XZ +

�
1�X
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Z � 2

�

A

◆1/3

, (11)

�(X) = �0.3
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◆1/3

e
2
F(X)

✓
XZ +

�
1�X
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Z � 2

�

A

◆4/3

.

(12)

The chemical potential of a degenerate gas of electrons in
a lattice is given by

µe =
q

n2/3[↵(X)mec
2]2 + (mec

2)2 + 4�(X)n1/3
. (13)

The energy of the nucleus (A,Z) in the heavy

nucleus approximation is given by its nuclear mass

M(A,Z)c2 = Mat(A,Z)c2�Zmec
2+Bel(Z)+Eexc(A,Z) .

(14)

with Mat(A,Z) the atomic mass of the ground state

nucleus (A,Z) and Bel(Z) the binding energy of Z

electrons, see Lunney et al. (2003). The total energy

density is given by the formula

E = X
M(A,Z)c2

A
n+ (1�X)

M(A,Z � 2)c2

A
n+ Elat + Ee ,

(15)

where the lattice energy Elat = 3Plat and

Ee =
(mec

2)4

(~c)3 �

⇣
↵(X)n1/3

⌘
. (16)

2.2. The composition of the outer crust

In this paper, the composition of the outer crust is estab-
lished starting from the fully accreted crust approximation.
The crust of the neutron star is entirely composed of ac-
creted matter. The boundaries of shells are defined by the
pressure threshold of reactions. We consider the five shells
of an accreted outer crust made originally of 56Fe ashes
from thermonuclear flashes. Nuclei in the entire outer crust

have the nucleon number A = 56 because pycnonuclear fu-
sions are not allowed there, and proton numbers from the
neutron star crust surface to the outer/inner crust tran-
sition are Z = 26, 24, 22 , 20 , 18 : there are four pairs of
electron captures that occur during the accretion process
onto a fully accreted outer crust.

The composition of the outer crust is determined either
by the table of experimentally measured nuclei mass pre-
sented in Wang et al. (2021), or by the theoretical model
HBF-21 presented in Goriely et al. (2010) if masses of nu-
clei are not available from experimental data. The nuclear

masses that we use as well as their �-decay schemes

are those in vacuum. This stems from the fact that

the electron gas does not influence the structure of

the nuclei involved, including their excited states.

In the reactions studied in this paper, we only consider
the excited state of the daughter nuclei of the first elec-

tron capture, with excitation energy Eexc(A,Z � 1). Ac-
tually, only the first electron capture in the first shell in
the crust involves an excited state of the nucleus 56Mn,
with an excited energy of 110 keV, see Appendix B.
The pressure threshold and consequently the boundaries of
the five shells of the outer crust are defined by the energy
threshold W1 and W2 for the first and second electron

capture respectively and is given by

W1 = Mat(A,Z � 1)c2 �Mat(A,Z)c2 +mec
2 (17)

+Bel(Z � 1)�Bel(Z) + Eexc(A,Z � 1) ,

W2 = Mat(A,Z � 2)c2 �Mat(A,Z � 1)c2 +mec
2 (18)

+Bel(Z � 2)�Bel(Z � 1) .

The atomic mass Mat(A,Z) is extracted from experimen-
tal data for nuclei Z = [26� 20], and calculated using a
theoretical approach for Z = 19, 18. The pressure and den-
sity threshold denoted Pth and nth respectively, defining
the transition between each shell is determined by solving
µe(X = 1, nth) = W . In Table 1, we present the transition
pressures and densities, as well as the energy threshold of
the first and second electron capture, respectively denoted
W1 and W2.

2.3. Electron capture rate

The reaction rate of electron captures and �-decays can be
established from the Fermi golden rule (originally presented
and applied by Dirac (1927)). We do so in vacuum and

in the zero temperature limit and include exclu-

sively allowed type of reactions. Using plane wave
functions for leptons, as well as a matrix element M of the
reaction that does not depend on the spin of leptons, we
can write the reaction rate of the electron capture (A,Z)
to (A,Z � 1) denoted Rec and its corresponding �-decay
rate for (A,Z � 1) to (A,Z) denoted R� as

Rec =
2JZ�1 + 1

2(2JZ + 1)
|Mec|

2 4m5
ec

4

(2⇡)3~7G , (19)

R� =
2JZ + 1

2JZ�1 + 1
|M� |

2 4m5
ec

4

(2⇡)3~7 f , (20)
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In the reactions studied in this paper, we only consider
the excited state of the daughter nuclei of the first elec-

tron capture, with excitation energy Eexc(A,Z � 1). Ac-
tually, only the first electron capture in the first shell in
the crust involves an excited state of the nucleus 56Mn,
with an excited energy of 110 keV, see Appendix B.
The pressure threshold and consequently the boundaries of
the five shells of the outer crust are defined by the energy
threshold W1 and W2 for the first and second electron

capture respectively and is given by

W1 = Mat(A,Z � 1)c2 �Mat(A,Z)c2 +mec
2 (17)

+Bel(Z � 1)�Bel(Z) + Eexc(A,Z � 1) ,

W2 = Mat(A,Z � 2)c2 �Mat(A,Z � 1)c2 +mec
2 (18)

+Bel(Z � 2)�Bel(Z � 1) .

The atomic mass Mat(A,Z) is extracted from experimen-
tal data for nuclei Z = [26� 20], and calculated using a
theoretical approach for Z = 19, 18. The pressure and den-
sity threshold denoted Pth and nth respectively, defining
the transition between each shell is determined by solving
µe(X = 1, nth) = W . In Table 1, we present the transition
pressures and densities, as well as the energy threshold of
the first and second electron capture, respectively denoted
W1 and W2.

2.3. Electron capture rate

The reaction rate of electron captures and �-decays can be
established from the Fermi golden rule (originally presented
and applied by Dirac (1927)). We do so in vacuum and

in the zero temperature limit and include exclu-

sively allowed type of reactions. Using plane wave
functions for leptons, as well as a matrix element M of the
reaction that does not depend on the spin of leptons, we
can write the reaction rate of the electron capture (A,Z)
to (A,Z � 1) denoted Rec and its corresponding �-decay
rate for (A,Z � 1) to (A,Z) denoted R� as

Rec =
2JZ�1 + 1

2(2JZ + 1)
|Mec|

2 4m5
ec

4

(2⇡)3~7G , (19)

R� =
2JZ + 1

2JZ�1 + 1
|M� |

2 4m5
ec

4

(2⇡)3~7 f , (20)
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Reaction Pth (MeV/fm3) nth (fm�3) W1 (MeV) W2 (MeV)
Z = 26 ! 24 3.77⇥ 10�7 7.87⇥ 10�7 4.31 2.13
Z = 24 ! 22 9.55⇥ 10�6 9.52⇥ 10�6 9.61 7.27
Z = 22 ! 20 4.82⇥ 10�5 3.49⇥ 10�5 14.42 12.51
Z = 20 ! 18 2.25⇥ 10�4 1.22⇥ 10�4 21.21 20.75

Table 1: Pressure Pth, density nth and energy threshold W1,W2 of the four pairs of electron captures in the outer crust made
of 56Fe ashes, calculated in the framework of the linear mixing rule approximation for equation of state discussed in Section 2.1.
TODO check the paper of Fantina 2018

with JZ the spin of nucleus (A,Z). G and f are dimension-
less available momentum space factors:

G (EF ,W ) =

Z EF

W
E

p
E2 � 1 (E �W )2dE

=
h
Gb(EF ,W )� Gb(W,W )

i
, (21)

with EF = EF /(mec
2) and W = W/(mec

2); for the �-
decay f is / Gb(W 1,W 1)� Gb(1,W 1) and often includes
corrections for the Coulomb interaction. The function Gb

can be obtained with an analytical formula, first presented
in Frank-Kamenetskii (1962)1

Gb(x,w) =

p
x2 � 1

60

✓
x
3(12x� 30w)� 4x2(1� 5w2) (22)

+ 15wx� 20w2
� 8

◆
+

1

4
w log

⇣p
x2 � 1 + x

⌘
.

For details on the derivation of the reaction rates, see Ap-
pendix A.

In the ultra-relativistic approach (EF � W � 1), the
expansion up to the first order in W

�2 yields the approxi-
mation G ⇡ Gultra:

Gultra(EF ,W ) =
W

5

3

✓
EF

W
� 1

◆3
1�

1

2W 2
+

3

2

✓
EF

W
� 1

◆

+
3

5

✓
EF

W
� 1

◆2�
. (23)

For the Fermi energy close to the threshold

(EF �W ⌧ W ), the leading order expression is:

Gultra(EF ,W ) =
W

5

3

✓
EF

W
� 1

◆3

, (24)

see also Eq. (4) and the zero temperature limit of

Eq. (6) in Bildsten & Cumming (1998).

Using charge conjugation symmetry as well as time re-
versal symmetry, one can show that the matrix element for
the electron capture and its corresponding �-decay in the
above mentioned approximations are equal. We can there-
fore make use of the experimental data available for �-decay
reactions to compute the reaction rate of electron captures.
The rate of the electron captures 1/⌧ec is

1

⌧ec
=

ln(2)

ft1/2

2Jec;Z�1 + 1

2(2Jec;Z + 1)

2J�;Z�1 + 1

2J�;Z + 1
, (25)

1 Notice, however, that the integrand in Eq.(4) in this paper
has to be corrected by replacing "2 in the brackets by "

where Jec;Z and J�;Z are nuclear spins for the electron cap-
ture and its corresponding �-decay, respectively. The quan-
tity t1/2 is the half-life of the �-decay for a specific reaction
channel and can be extracted from experimental data or
estimated analytically. Electron captures and �-decays are
subject to selection rules (Povh et al. 2004) that specify
allowed changes of nuclear spins for nuclei involved in elec-
tron captures and �-decays. We select the dominant channel
in the energy level diagrams presented in National Nuclear
Data Center (2022) for each reaction.

The rate of the first electron capture in a pair of reac-
tions, per parent nucleus is given by

Rec =
1

⌧ec
G (EF ,W 1) . (26)

Calculated values of ⌧ec for for the first electron capture in
the four pairs studied in this paper are presented in Table 2;
in Appendix B, we give some details on the calculation of
the electron capture rate.

2.4. The continuity equation

During the active phases of accretion, freshly accreted mat-
ter is flowing and sinking towards the core with a velocity

v(z) =
Ṁ

4⇡R2mBn(z)
, (27)

with Ṁ the mass accretion rate, R the total radius of the
star, mB the rest mass of a baryon, and z the proper dis-
tance from the surface in the plane-parallel approximation.

The most important quantity introduced in the previous
section is the parent nucleus abundance X. The layers of
electron captures are defined as the thickness in pressure
for which X 2 [0 � 1]. The product of the parent nucleus
abundance X with the baryon density corresponds to the
number density of parent nuclei, and is governed by the
continuity equation

@⌧ (nX) + @z(vnX) = �nXRec . (28)

This equation is written in the local frame with ⌧ and z

corresponding to the proper time and proper distance in the
neutron star crust. In what follows, we use the Newtonian
approach

@P

@r
= �

GM

R2
⇢ , (29)

where ⇢ = ✏/c
2
⇡ nmB , and M is the total mass of the

star; in the following the mass and the radius of the star are
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Reaction ⌧ec (in s) ⌧acc (in s)
Z = 26 ! 25 8.67⇥ 106 9.50⇥ 107

Z = 24 ! 23 1.37⇥ 104 2.40⇥ 109

Z = 22 ! 21 7.34⇥ 103 1.21⇥ 1010

Z = 20 ! 19 1.59⇥ 105 5.67⇥ 1010

Table 2: Electron capture timescale and accretion timescale for
the first electron capture for the four pairs in the outer crust
made of 56Fe ashes. The accretion timescale is calculated for a
1.4 M� neutron star mass and 11 km radius considering a con-
stant accretion rate of 10�8 M� per year.

chosen to be 1.4 M� (solar mass) and 11 km respectively.
The continuity equation is therefore given by
@

@t
ln

�
n X

�
+

1

⌧acc(t)

@ lnX

@P̃
= �Rec , (30)

with P̃ = P/Pth, with n = n(P,X) and X = X(P, t), and
⌧acc the accretion timescale

⌧acc(t) =
4⇡R4

Pth

GMṀ(t)
; (31)

typical values of the accretion timescale are presented in
Table 2

2.5. Astrophysically motivated accretion cycle

We intend to study a realistic cycle of accretion (sequence of
active and quiescence phases) motivated by X-ray observa-
tions of sources in accreting low-mass X-ray binaries. Sev-
eral sources have been observed alternating between active
accretion stages lasting from weeks to years, and quiescence
stages lasting from months to decades. The information on
characteristic duration of active accretion can be extracted
from the observations of X-ray outbursts (lasting surge in
luminosity) of sources EXO 0748–676 (see Parikh et al.
(2020) and references therein), KS 1731–260 (see Merritt
(2017) and references therein), XTE J1701–462 (Fridriksson
et al. 2010) and IGR J17480-2446 (see Ootes et al. (2019)
and references therein) which lasted respectively 24 years,
12.5 years, 1.6 years and 10 weeks; all four sources are now
in quiescence. The source MXB 1659-29 (see Parikh et al.
(2019) and references therein) presented two well monitored
outbursts lasting respectively 2.5 and 1.7 years interspersed
by a quiescence period of 14 years; this source was first ob-
served in 1976 during an outburst estimated to last between
2 and 2.5 years as well. Unless otherwise stipulated, in this
paper we study the following cycle: an active phase period
ta of four years and a quiescence period tq = 10ta.

The average accretion rate during active phases were
estimated for the sources XTE J1701-462 (Fridriksson
et al. 2010) and IGR J17480-2446 (Degenaar & Wijnands
2011) to be respectively 1.7⇥ 10�8 M� per year and
3⇥ 10�9 M� per year. The observation of X-ray bursts
indicate a luminosity variability in the active phase from
which the accretion rate as a function of time can be in-
ferred, however we do not intend to discuss such variability,
but rather to use a mean value of the accretion rate in the
active phase. The active accretion rate, denoted Ṁa, is to
be described by an exponential onset and offset such that

Ṁa(t) = Ṁmax

✓
1

1 + e↵(t�ta+to)
+

1

1 + e�↵(t�to)
�1

◆
, (32)

with Ṁmax the accretion rate outside the onset and offset
of active accretion and ↵ a constant controlling the steep-
ness of the Ṁ increase and decrease during onset and offset.
For ↵ ' 118, the onset and offset are very steep. We con-
sider the accretion is switched on as soon as Ṁ reaches
10�10

Ṁmax. At to, half of the maximum value of the ac-
cretion rate Ṁmax/2 is reached. After to, because ↵ is so
large and the onset so steep, we quickly reach Ṁmax to a
very high precision. Unless otherwise stipulated, in this pa-
per we set Ṁmax = 10�8 M� per year, a reasonable value
with regard to observed mean accretion rate during active
accretion, and to = 0.05ta.

The number of accreted nucleons during an accretion
cycle denoted Nb is defined by the time integral of the ac-
cretion rate during the cycle

Nb =

Z ta+tq

0

Ṁa(t)

mB
dt . (33)

2.6. Heat release from electron captures

We consider the first electron capture presented

in Eq. (1), while neglecting the neutrino heat

loss (cooling). We also consider that processes

under consideration proceed at constant pressure

and temperature in a piece of matter. Follow-

ing the derivation of (Chapter X in Landau &

Lifshitz (1969)), we define an elementary reac-

tion e
� + (A,Z) �! (A,Z � 1), with the coefficients

⌫e = ⌫A,Z = 1 and ⌫A,Z�1 = �1. Let the number of

electron captures in the time interval dt be de-

noted �Nec; the changes of numbers of particles i

are �Ni = �⌫i�Nec, while the thermodynamic poten-

tial � changes by �� =
P

i �Niµi = �
P

i ⌫iµi�Nec. The

heat released at constant pressure and temperature

is (Chapter X in Landau & Lifshitz (1969))

�QP = T �S = �T
2

✓
@

@T

��

T

◆
, (34)

with T the temperature and S entropy. In our ap-

proximation, µi do not depend on T (electrons are

fully degenerate and nuclear masses do not depend

on T ), so that

�QP = �

X

i

⌫iµi�Nec . (35)

The heating rate is therefore

Q̇P = T Ṡ = �

X

i

⌫iµiṄec . (36)

The heat release per nucleus for the first and second
electron capture of the pair, denoted respectively q1 and
q2, neglecting neutrino heat loss, are

q1(P,X) = M(A,Z)c2 �M(A,Z � 1)c2 + µe(P,X) , (37)
q2(P,X) = M(A,Z � 1)c2 �M(A,Z � 2)c2 + µe(P,X) .

(38)

The heat released by the pair of electron captures per nu-
cleus is denoted q and is given by

q(P,X) = 2µe(P,X)� (W1 +W2) + Eexc , (39)
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Reaction ⌧ec (in s) ⌧acc (in s)
Z = 26 ! 25 8.67⇥ 106 9.50⇥ 107

Z = 24 ! 23 1.37⇥ 104 2.40⇥ 109

Z = 22 ! 21 7.34⇥ 103 1.21⇥ 1010

Z = 20 ! 19 1.59⇥ 105 5.67⇥ 1010

Table 2: Electron capture timescale and accretion timescale for
the first electron capture for the four pairs in the outer crust
made of 56Fe ashes. The accretion timescale is calculated for a
1.4 M� neutron star mass and 11 km radius considering a con-
stant accretion rate of 10�8 M� per year.

chosen to be 1.4 M� (solar mass) and 11 km respectively.
The continuity equation is therefore given by
@

@t
ln

�
n X

�
+

1

⌧acc(t)

@ lnX

@P̃
= �Rec , (30)

with P̃ = P/Pth, with n = n(P,X) and X = X(P, t), and
⌧acc the accretion timescale

⌧acc(t) =
4⇡R4

Pth

GMṀ(t)
; (31)

typical values of the accretion timescale are presented in
Table 2

2.5. Astrophysically motivated accretion cycle

We intend to study a realistic cycle of accretion (sequence of
active and quiescence phases) motivated by X-ray observa-
tions of sources in accreting low-mass X-ray binaries. Sev-
eral sources have been observed alternating between active
accretion stages lasting from weeks to years, and quiescence
stages lasting from months to decades. The information on
characteristic duration of active accretion can be extracted
from the observations of X-ray outbursts (lasting surge in
luminosity) of sources EXO 0748–676 (see Parikh et al.
(2020) and references therein), KS 1731–260 (see Merritt
(2017) and references therein), XTE J1701–462 (Fridriksson
et al. 2010) and IGR J17480-2446 (see Ootes et al. (2019)
and references therein) which lasted respectively 24 years,
12.5 years, 1.6 years and 10 weeks; all four sources are now
in quiescence. The source MXB 1659-29 (see Parikh et al.
(2019) and references therein) presented two well monitored
outbursts lasting respectively 2.5 and 1.7 years interspersed
by a quiescence period of 14 years; this source was first ob-
served in 1976 during an outburst estimated to last between
2 and 2.5 years as well. Unless otherwise stipulated, in this
paper we study the following cycle: an active phase period
ta of four years and a quiescence period tq = 10ta.

The average accretion rate during active phases were
estimated for the sources XTE J1701-462 (Fridriksson
et al. 2010) and IGR J17480-2446 (Degenaar & Wijnands
2011) to be respectively 1.7⇥ 10�8 M� per year and
3⇥ 10�9 M� per year. The observation of X-ray bursts
indicate a luminosity variability in the active phase from
which the accretion rate as a function of time can be in-
ferred, however we do not intend to discuss such variability,
but rather to use a mean value of the accretion rate in the
active phase. The active accretion rate, denoted Ṁa, is to
be described by an exponential onset and offset such that

Ṁa(t) = Ṁmax

✓
1

1 + e↵(t�ta+to)
+

1

1 + e�↵(t�to)
�1

◆
, (32)

with Ṁmax the accretion rate outside the onset and offset
of active accretion and ↵ a constant controlling the steep-
ness of the Ṁ increase and decrease during onset and offset.
For ↵ ' 118, the onset and offset are very steep. We con-
sider the accretion is switched on as soon as Ṁ reaches
10�10

Ṁmax. At to, half of the maximum value of the ac-
cretion rate Ṁmax/2 is reached. After to, because ↵ is so
large and the onset so steep, we quickly reach Ṁmax to a
very high precision. Unless otherwise stipulated, in this pa-
per we set Ṁmax = 10�8 M� per year, a reasonable value
with regard to observed mean accretion rate during active
accretion, and to = 0.05ta.

The number of accreted nucleons during an accretion
cycle denoted Nb is defined by the time integral of the ac-
cretion rate during the cycle

Nb =

Z ta+tq

0

Ṁa(t)

mB
dt . (33)

2.6. Heat release from electron captures

We consider the first electron capture presented

in Eq. (1), while neglecting the neutrino heat

loss (cooling). We also consider that processes

under consideration proceed at constant pressure

and temperature in a piece of matter. Follow-

ing the derivation of (Chapter X in Landau &

Lifshitz (1969)), we define an elementary reac-

tion e
� + (A,Z) �! (A,Z � 1), with the coefficients

⌫e = ⌫A,Z = 1 and ⌫A,Z�1 = �1. Let the number of

electron captures in the time interval dt be de-

noted �Nec; the changes of numbers of particles i

are �Ni = �⌫i�Nec, while the thermodynamic poten-

tial � changes by �� =
P

i �Niµi = �
P

i ⌫iµi�Nec. The

heat released at constant pressure and temperature

is (Chapter X in Landau & Lifshitz (1969))

�QP = T �S = �T
2
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��

T
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, (34)

with T the temperature and S entropy. In our ap-

proximation, µi do not depend on T (electrons are

fully degenerate and nuclear masses do not depend

on T ), so that

�QP = �

X

i

⌫iµi�Nec . (35)

The heating rate is therefore

Q̇P = T Ṡ = �

X

i

⌫iµiṄec . (36)

The heat release per nucleus for the first and second
electron capture of the pair, denoted respectively q1 and
q2, neglecting neutrino heat loss, are

q1(P,X) = M(A,Z)c2 �M(A,Z � 1)c2 + µe(P,X) , (37)
q2(P,X) = M(A,Z � 1)c2 �M(A,Z � 2)c2 + µe(P,X) .

(38)

The heat released by the pair of electron captures per nu-
cleus is denoted q and is given by

q(P,X) = 2µe(P,X)� (W1 +W2) + Eexc , (39)
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Fig. 1: Stationary solution for the parent nucleus abundance X
as a function of the pressure for the four reactions in the outer
crust.

Reaction �P (X = 0.95) MeV/fm3 �Player MeV/fm3

Z0 = 26 3.60⇥ 10�8 1.16⇥ 10�7

Z0 = 24 2.98⇥ 10�8 5.78⇥ 10�8

Z0 = 22 5.17⇥ 10�8 6.48⇥ 10�8

Z0 = 20 2.19⇥ 10�7 2.74⇥ 10�7

Table 3: Estimation in the ultra-relativistic electron approxi-
mation of the thickness �P (X = 0.95) = P (X = 0.95) � Pth,
and thickness in pressure of the layer �Player of electron capture
established from the stationary solution.

the instantaneous approximation, in our approach later on
referred to as the mixed layer approach, the sinking piece of
matter still contains parent nuclei that shall be changed to
grand-daughter nuclei at values of the pressure higher than
the threshold pressure. The stationary solution corre-

sponds to a particular distribution of the parent

nuclei number as a function of the pressure: it ap-

pears during active phases of accretion if a steady

state has been reached between a continuous supply

of parent nuclei (and compression) provided by ac-

cretion, and the reactions operating on the parent

nuclei.

The stationary solution Xstat(P ) is presented for parent
proton number Z0 = 26, 24, 22, 20 in Fig. 1. We define the
thickness in pressure of the layer of electron capture, that is
to say the region in the shell where both parent and grand-
daughter nuclei are found, using the value of the pressure
at which the shell is made of only 1% of parent nuclei. It
is denoted �Player = P (X = 10�2)� Pth ; this quantity is
presented in Table 3 for the stationary solution. For all four
pairs of electron captures, the thickness of the layer is of the
order of 10�7 MeV/fm3. The slope of decrease in the parent
abundance for the stationary solution is correlated with the

ratio ⌧ec/⌧acc (see Table 2): the larger the ratio, the steeper
the decrease.

It is important to note that the thickness of the electron
capture layer is much smaller than the thickness of the shell
composed of the grand-daughter nuclei. The thickness in
pressure for all considered shells is ⇠ 10�5

�10�3 MeV/fm3;
the reaction layer thickness represents at most one percent
of the shell thickness, as said shells are located deeper in
the crust and the layer thickness is of the same order of
magnitude throughout the outer crust. This implies that
no shell of the outer crust with parent number nucleus Z

0

is also composed of its shallower neighbor parent nucleus
Z

0
� 4.
Using the ultra-relativistic approximation of the elec-

tron capture reaction rate presented in Eq. (23), we can
provide a simple analytical approximation of the increase
in pressure �P required to reach the region in which most
of the parent nuclei are transformed into grand-daughter
nuclei. The stationary form of the continuity equation for
ultra-relativistic electrons is written as

⌧ec

⌧acc
Pth

@ ln(X)

@(�P )
= �

W
5
1

3

✓
EF

W1
� 1

◆3

. (49)

In this approximation, we include only the leading term in
Eq. (23) - it is valid for EF /W1 � 1 ⌧ 1, equivalent to
the condition �P/P ⌧ 1, (see Eq. (24)). This condition is
fulfilled for all considered reaction layers but the first one,
for which it is of the order of 0.1-0.2 (see Table 1,3). Under
the assumption that the parent nuclei abundance is close to
one, the factor ↵ related to the linear mixing rule function is
considered constant so that the right hand side of Eq. (49)
is independent of X. Solving the approximation of the con-
tinuity equation in the ultra-relativistic approach (P ⇠ E

4
F

and �P ' 4(EF �W )), we obtain the approximate solu-

tion to Eq. (49) X(�P ) = exp [�(�P/�Ps)4] where �Ps is

e-folding value of �P at which X = 1/e and defined

by

�Ps = 4Pth

✓
3

W
5
1

⌧ec

⌧acc

◆1/4

. (50)

This approximation works well for the a small decrease of
X: for X = 0.95, it can be quite accurately determined by

�P (X = 0.95) = �P95 = 2.5Pth

✓
1

W
5
1

⌧ec

⌧acc

◆1/4

, (51)

a quantity presented in Table 3.
The radial thickness of the reaction layer can be esti-

mated using Eq. (29) with a fixed density (⇢ = nthmB) and
for a neutron star mass M = 1.4 M� and radius R = 11 km:
the layers for Z0 = 26, Z0 = 24, Z0 = 22 and Z0 = 20
are about 9 m, 0.4 m, 0.1 m and 0.1 m thick respectively.
This is much less than the thickness of the shells which
in all studied cases are larger than 100 m (see Eq. (10) in
Suleiman et al. (2022)). The maximum size of the reaction
layer (corresponding to stationary solution) is significantly
smaller than the thickness of the shell also for other, as-
trophysically relevant accretion rates. Presented numbers
correspond to Ṁ = 10�8 M�/yr but even a change of Ṁ
by two orders of magnitude only leads to a factor ⇠ 3 in
Eqs. (50)-(52).
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(a) Ṁmax = 10�8
M� per year. (b) Ṁmax = 10�10

M� per year.

Fig. 2: Time dependent solution X(P, t) represented as snapshot at various times during the second cycle of accretion. In plain
lines are represented the solution for times during the active phase (from 44 to 48 years) and in dotted lines the solution for times
during the quiescence phase (from 48 to 88 years).

Similarly to the estimation of the pressure thickness in
Eq. (50), we can estimate the radius thickness of the elec-
tron capture layers without solving the continuity equation
as

�R = 4
R

2
Pth

GM⇢th

✓
3

W
5
1

⌧ec

⌧acc

◆1/4

, (52)

with ⇢th = nthmB . Again, this formula works well for a
small decrease of X:

�R(X = 0.95) = 2.5
R

2
Pth

GM⇢th

✓
1

W
5
1

⌧ec

⌧acc

◆1/4

, (53)

in which case we obtain about 3 m for the first reaction
layer and ⇠ 0.1� 0.2 m for deeper reaction layers.2

3.1.2. Time dependent solution

To solve the complete continuity equation in Eq. (30),
we use a time dependent accretion timescale with
Ṁmax = 10�8 M�. The following accretion cycle parame-
ters are used: ta = 4 years, tq = 40 years, to = 0.2 years,
see Eq. (32). The boundary condition is the same as the sta-
tionary case, and the initial condition is X(P, t = 0) = 1:
this simplistic approach is reasonable if the equation is
solved for multiple accretion cycles, and we present results
for the second accretion cycle in which case the bound-
ary and initial conditions have no repercussions; the active
phase for the second cycle lasts from 44 to 48 years and the
quiescence phase from 48 to 88 years.

Results for the parent nucleus abundance X(P, t) for
Z0 = 26 are presented in Fig. 2a. This figure shows that
2

see also similar considerations for the hydrogen elec-

tron capture in the NS ocean in Bildsten & Cumming

(1998), Eq. (13,14)

the pre-accretion profile X(P, t = 44) (shown in black) is
not step-like: the quiescence time from the previous cycle
is not sufficient to reach a very small abundance of parent
nuclei in the whole layer. During the quiescence time ⌧q,
the number of parent nuclei reaches almost 0 for a pressure
larger than Pth, denoted �Pq, which can be approximated
by:

�Pq

Pth
= 4

✓
3

W
5
1

⌧ec

⌧q

◆1/3

; (54)

for the first reaction layer, it gives �Pq ' 0.03Pth. This
value is in a very good agreement with Fig. 2a. After the
accretion is switched on, the parent abundance profile in-
creases (in blue) and reaches the stationary profile (in or-
ange). The stationary profile lasts right until the beginning
of the offset of active accretion, then the profile significantly
decreases from the stationary one to the profile at 48 years
(in green). Once the accretion is switched off entirely, the
quiescence phase is entered and the solution decreases to-
wards the pre-accretion profile (dashed lines). In the mixed
layer approach, X(P, t) in the quiescence phase is not zero,
contrary to the instantaneous approach, in other words,
electron captures still occur even when the accretion re-
lated pressure increase is switched off.

To assess the role of the value of the accretion rate
on our results, we present in Fig. 2b the parent nucleus
abundance X(P, t) for Ṁmax = 10�10 M� per year instead
of 10�8 M� per year; the same accretion cycle parame-
ters are used. The solution does not reach the stationary
profile before the accretion is switched off. The profile of
X(P, t) evolves slower than for the value of the accretion
rate Ṁ = 10�8 M� per year; the layer of electron captures
is also much thinner. The accretion rate is directly related
to the number of parent nuclei deposited onto the neutron
star surface, and the speed at which nuclei are pushed to
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Fig. 3: Heating rate per unit volume q̇ in the shell with proton
number Z0 = 26 as a function of the pressure during active
accretion. This quantity is given for the mixed layer approach
in blue, and compared to the quasi-instantaneous approach in
orange.

higher pressures. Therefore, this quantity dictates how fast
the profile increases towards the stationary case.

The time of active accretion ta also plays a role on the
thickness of the electron capture layer: from Fig. 2a with
an accretion rate Ṁ = 10�8 M� per year, we can infer
that if the accretion is switched off after before or around
44.6 years (blue curve in the figure), the stationary profile
is not reached.

In the movie available online, we present the evolution of
the parent nucleus abundance as a function of the pressure
in the shell for the four reactions of the outer crust we have
studied, for an active phase of four years followed by forty
years of quiescence and Ṁmax = 10�8 M� per year; results
are again presented for the second accretion cycle. The pre-
active accretion profile of the parent nucleus abundance are
not the same for all reactions studied: it is almost step-like
for reactions Z0 = 24, 22, whereas for reaction Z0 = 26, 20
it is not. This means that the quiescence phase of the first
cycle can be considered long enough for some shells to be
made solely of grand-daughter nuclei when the second cycle
starts, but this is not the case for all reactions. For all four
reactions, the change in the parent nucleus abundance is
negligible during the onset phase of active accretion.

For the time dependent solution, we define ⌧stat as the
time of active accretion required for the half parent abun-
dance X = 0.5 to reach the stationary profile. For Z0 = 24,
Z0 = 26, Z0 = 22, the characteristic time ⌧

stat is respec-
tively 0.7 years, 0.9 years and 1.1 years. For Z0 = 20, the
stationary profile for X = 0.5 is barely reached before the
active accretion is switched off. For all reactions, the pro-
file of the parent nucleus abundance starts to decrease at
the beginning of the offset of active accretion and continues
to decrease towards the pre-active accretion profile during

quiescence. Just as the shell Z0 = 20 takes longer to reach
its stationary profile in the active phase than for other reac-
tions, it also takes longer going towards a "step-like" profile.
The time needed to reach the stationary profile for a given
reaction layer can be estimated from the formula in Eq. (31)
with Pth replaced by �P defined by the Eq. (50):

⌧stat = ⌧acc
�P

Pth
. (55)

The formula is most accurate close to the threshold, there-
fore we can defined the time needed to reach the stationary
profile at X = 0.95 and use the formula.

⌧stat(X = 0.95) = 2.5

✓
1

W
5
1

⌧ec⌧
3
acc

◆1/4

= 0.4 yrR3
10⌧

1/4
ec,5W

�5/4
10

✓
Pth,�5

Ṁ�8M/M�

◆3/4

(56)

where R10 = R/10km, ⌧ec,5 = ⌧ec/105s, W10 = W/10MeV,
Pth,�5 = Pth/10�5Mev/fm3 and Ṁ�8 = Ṁ/10�8

M�/yr.
The timescale needed to reach the stationary state is of
the order of the active phase (accretion) in low mass X-ray
binaries. To decide whether this state is reached for a given
reaction layer, one needs to study the full solution of the
continuity equation.

3.2. Heat deposition in layers of electron capture

During active phases of accretion, the amount of heat re-
leased in the mixed layer approach and in the instantaneous
approach are different. The reason lies in the pressure de-
pendence of Eq. (39): the chemical potential of electrons
ensures that electron captures occurring at larger pressure
(deeper in the layer) release more heat. In the instantaneous
approach, all the heat is released exactly at the pressure
threshold of the first electron capture and the heat release
per parent nucleus is given by

qth = W1 �W2 + Eexc . (57)

3.2.1. Heat release in active phase: stationary solution

In Fig. 3, we present the heating rate per unit volume q̇(P )
for the stationary solution of Z0 = 26. To emphasize the
role of the pressure dependence in the amount of heat re-
leased in layers of electron capture, we compare it to the
heating rate per unit volume established from a "quasi-
instantaneous" approach q̇(qth) in which we assume that
the energy release is equal to that at the threshold pressure.
The pressure dependence of q implies that the amount of
heat released during the active phase is larger in the mixed
layer approach than in the instantaneous approach. To il-
lustrate this point, we compute the stationary solution in
the mixed layer approach for four years of active accretion
with constant accretion rate and compare it to the instan-
taneous approach; this scenario assumes that all shells have
reached their stationary profile and remain in that config-
uration for four years. The total heat released per accreted
baryon (see Eq. (42)) for fours years of active accretion for

the stationary solution in the mixed layer approach is
presented in Table 4 for Z0 = 26, 24, 22 and 20.
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• The size of the reaction layer much smaller than the size 
of the shell below 

• Thickness of the reaction layers: 
•      
• Shell thickness (between reaction layers) 
•  
• Energy release larger than in the case of instantaneous 

reaction (by ) 
•

δP = 10−7 MeV/fm3

ΔP ∼ 10−5 − 10−4 MeV/fm3

∼ 20 %
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Abstract

It is currently unknown if neutron stars (NSs) are composed of nucleons only or are hybrid stars, i.e., in addition to
nucleonic crusts and outer cores, they also possess quark cores. Quantum chromodynamics allows for such a
possibility, but accurate calculations relevant for compact stars are still elusive. Here we investigate some crust-
breaking aspects of hybrid stars. We show that the crust-breaking frequency and maximum fiducial ellipticity are
sensitive to the quark–hadron density jump and equation of state stiffness. Remarkably, the crust-breaking
frequency related to static tides scales linearly with the mass of the star (for a given companion mass), and its slope
encompasses information about the microphysics of the star. However, for precise crust-breaking frequency
predictions, relativistic corrections to Kepler’s third law and the Newtonian tidal field should not be ignored. When
a liquid quark core touches an elastic hadronic phase (the result of a significant energy density jump), the
maximum ellipticity can increase by around an order of magnitude when compared to a liquid quark core touching
a liquid hadronic phase. That is relevant because it would increase the odds of detecting continuous gravitational
waves from NSs. Our order-of-magnitude analysis also suggests that a given upper limit to the ellipticity (crust-
breaking frequency) could have representatives in stars with either small or intermediate (large) energy density
jumps. Therefore, when upper limits to the ellipticity for isolated stars are better constrained or electromagnetic
radiation (e.g., gamma-ray precursors) is detected along with gravitational waves in inspiraling binary systems,
they may help constrain some aspects of phase transitions in NSs.

Unified Astronomy Thesaurus concepts: Neutron stars (1108); General relativity (641); Asteroseismology (73)

1. Introduction

The direct detection of gravitational waves (GWs) from
binary systems of black holes (BHs; Abbott et al. 2016) and
neutron stars (NSs; Abbott et al. 2017a) allowed us to test the
properties of these astrophysical sources. As more events are
detected, statistical studies also become possible, which could
reduce uncertainties for GW observables. While GW observa-
tions from binary BH systems are more common in the LIGO–
Virgo transient GW catalogs (Abbott et al. 2019a,
2021a, 2021b, 2021c) due to their intrinsically larger GW
strain amplitude, NS measurements are also present. The
confident detection of GWs from the GW170817 event (Abbott
et al. 2017a), with a multimessenger counterpart of
GRB170817A and a subsequent kilonova (Abbott et al.
2017b) has furnished us with first constraints on the tidal
deformations of NSs, which in turn allowed for significant
restrictions on several macroscopic and microscopic aspects of
the dense-matter equation of state (EOS).

The detection of other types of sources, related to long-
duration GWs (continuous waves (CWs)) remains a possibility;
for recent LIGO–Virgo–KAGRA searches, see, e.g., Abbott
et al. (2019b, 2021d, 2022a, 2022b). CWs naturally contrast
with transient GWs, such as the GW170817 event, and
are much more challenging to be detected due to their smaller
GW strain amplitudes. Nondetections allow however the
setting of upper limits to the GW strain, which have already
surpassed physically interesting limits, like the spin-down
limit for nonaxisymmetric rotating NSs for some targets

(Abbott et al. 2022a). Although this may not be restrictive
enough, it is noteworthy from the observational and data
analysis viewpoints. Current upper limits to the GW strain can
be immediately translated into upper limits to the fiducial
ellipticity of rotating NSs (whose reference value for their
principal moment of inertia Izz is 10

45 g cm2) when the distance
to the source is known (Abbott et al. 2022a, 2022b), providing
a measure of how much the objects are deformed in a
quadrupolar fashion, to the leading-order approximation. This
quantity already gives us complementary information of their
interiors (and also on the shape of the star’s surface; Johnson-
McDaniel 2013), different from those obtained by binary
inspirals.
Associated with the maximum ellipticity is the breaking

strain of the elastic/solid phase of an NS, beyond which it
starts failing as it cannot sustain a larger deformation. The
breaking strain is directly related to the maximum value of the
scalar strain (Andersson et al. 2019), an invariant quantity that
in general depends on the microphysical aspects of the star
(and also on the star’s evolutionary history). In this sense
hybrid NSs, i.e., stars with a quark (exotic) phase and a
hadronic phase, are an interesting possibility to investigate. In
the following, for simplicity, we will denote compact stars
with hybrid interiors as NSs, adding clarifications if necessary.
One would expect the scalar strain of a hybrid star to depend
on its phase transition aspects for several reasons. Mathema-
tically, that could be the case because further boundary
conditions would be inserted into the problem, strongly
influencing deformations and their outcomes such as ellipti-
cities (Ushomirsky et al. 2000; Haskell et al. 2006; Johnson-
McDaniel & Owen 2013; Gittins et al. 2020; Pereira et al.
2020; Gittins et al. 2021; Morales & Horowitz 2022).
Physically, phase transitions could shorten the hadronic
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