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1 Electrodynamics

Lorentz force. The magnetic field B can be defined together with the electric field E by the way in which
they accelerate charged test particles, i.e., the Lorentz force:

. dp S - =
FL:%:q(E+ﬁXB), (1.1)
where q is the electric charge of the particle, E = ¢/c is the particle dimensionless velocity normalized to
the speed of light ¢, and p'is the particle momentum.



There is a fundamental difference in how the electric and magnetic fields accelerate charged particles.
For a particle of mass m let us introduce Lorentz factor v = (1 — 52)~1/2, so that its energy is & = ymc?
and momentum is 7 = ySmc. One can show that:

. 1dp2_1d(72—1) 20 dy 545 dé
N T R T U T (LT (12)
ﬁ-ﬁL = vgmc~q(ﬁ+gx§):fquﬁ~ﬁ, (1.3)
so that the particle energy change is:
d€ dy o =
— = “mP=qi-E. 1.4
at a1 (-4

Particle energy changes due to the electric field component parallel to the particle velocity vector.

Motion of charged particles in uniform magnetic field. The effect of magnetic field is to rotate the
particle velocity vector without changing its energy. In the case of uniform magnetic field B = const, one
would find: .

a5 _ a

7 fymc(ﬁ x B) (1.5)

Decomposing the velocity vector E = EH + /61 into components parallel and perpendicular to B, one
would find that 3, 8. = const, and the ﬁl vector would rotate at the gyrofrequency (or Larmor frequency)

Qr, = ¢B/(ymc). Such particle would follow a helical trajectory along the B vector with the gyroradius (or
Larmor radius) Ry, = v81mc?/(qB) = p1c/(qgB) and the pitch length of Az = 27775Hm62/(qB).

e This scaling between the gyroradius Ry, the particle energy £ ~ p, c. and the magnetic field strength
B is the basis of the Hillas plot discussed in the Introduction.

More formally, consider the case of B = B, which means that 7 x B = B(0, 8., —f3,) = B(0, 2, —).
The corresponding equations of motionare & = 0, §j = Q2 and 2 = —Qy = —Q? z. Introducing 7? = y*+22,
one can show that » = (y/r)y + (z/r)z = 0. The resulting motion is a combination of uniform motion in
and circular oscillation in y, z.

e An accelerated charge is a source of electromagnetic radiation and is subject to radiative energy
losses. This will be discussed later on.

If the magnetic field is not uniform, the motion of charged particles can be modified in different ways. If
the variations of the field are not too strong, the particle will try to follow the local field line. It may gyrate
about a line called the guiding center that is not straight but curved, and not strictly aligned with the local
magnetic field. Such departures of the guiding center are usually referred to as drifts. There are several
types of drifts that will be mentioned only briefly:

gradient drift, when the magnetic strength gradient VBis perpendicular to B;

curvature drift, when the magnetic field lines are curved, e.g. if there exists an axis represented by
unit vector £ such that VB || B x 2;

magnetic mirror, when VB || B;

e E x B drift, in the presence of uniform electric field E.



Maxwell’s equations. Evolution of electric field E and magnetic field Bis governed by the Maxwell’s
equations:

V-E = 4mp, (1.6)
V.-B = o0, (1.7)
. 108
VxE = —-22 1.
x R (1.8)
. 47~ 10E
VxB = 2j4227 (1.9)
c c Ot

where p = >, g;n; is the charge density and f = Y, ¢in;¥; is the current density, summing over different
species of charged particles. The first two equations are known as the Gauss’s laws, the third one is
the Maxwell-Faraday equation, and the last one is the Ampére-Maxwell equation. The final term of the
Ampére-Maxwell equation is called the displacement current.

Conservation of electric charge. Combining the time derivative of the Gauss law for electric field (Eq.
1.6) with the divergence of the Ampére-Maxwell equation (Eq. 1.9) leads to the charge conservation:

L 4v.j=0. (1.10)
Introducing the electric four-current density j* = (pc, f) (n € {0,1,2,3}), this can be written in a covariant
form 9,,j* = 0.

Magnetic monopoles. The Maxwell’s equations are not exactly symmetric with respect to the E, B fields.
Two of them contain source terms: the charge density p. can be treated as the source of E, and the current
density ] can be treated (although in a different dense) as the source of B. One can consider hypothetical
particles called magnetic monopoles of charge density p,, = ), gm,in; and associated current density
j’m = >, 4m,in;U;, extending the Maxwell’'s equations quite naturally to a more symmetric form:

VB = dmp, (1.11)
V-B = 4drpm, (1.12)
— — 4’/Tﬂ 18§
VXE = ——ju— =7, 1.13
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$xpf - imy, 10E (1.14)
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It has to be stressed that there is no evidence for the existence of magnetic monopoles, although various
claims have been made historically and such a possibility is being tested in experiments.

It has been noted by Parker (2007) that if magnetic monopoles existed in significant numbers, the
electrodynamics would be completely different from what we know and experience. In particular, magnetic
monopoles would be the true sources of B and they would easily screen strong magnetic fields, in the
same way in which the electric charges screen strong electric fields. The magnetic fields would not extend
to large distances and would not be able to play such interesting roles in the Universe.

Magnetic flux. Given a surface S, the magnetic flux through that surface is ® = [/, B - 2dS, where 7 is
a unit vector normal to the surface element d.S.

A finite surface S7 with net magnetic flux can be extended along the field lines into a magnetic flux tube.
The side walls of such a tube by definition satisfy B . Consider another surface crossing such a tube with
the part within the tube denoted as S;. The magnetic flux difference satisfies the divergence theorem:

<1>2—<1>1=//S é-ﬁdS—/[S L?.ﬁdsz///v(ﬁ-é)dv (1.15)



The Gauss’s law for magnetism V-B=0 implies that @, = ®;. The magnetic flux will be the same for any
other surface crossing the same flux tube, hence magnetic flux is its defining property.

e A magnetic field line can be considered as an infinitely thin magnetic flux tube.

Electric energy density. In order to demonstrate that electric field is a form of energy, consider two large
flat parallel plates of thickness §z with opposite electric charges of uniform surface densities (X, = pe 02)
— a capacitor. Using the Gauss’s law for electricity V - E = 4mp., the electric field between the plates is
E, ~47p, 6z = 47%,. Each plate is attracted to the other by the Lorentz force of surface density
AF,, E, E?
R 1.16
AA 2 87 ( )
(the 1/2 factor accounts for the linear decay of E, across each plate). In order to increase the separation
between the plates by Az against the Lorentz force, one must perform a work AW = AFy, . Az = AEg
increasing the electric energy &g for constant E.. The electric energy density is thus:
Afg  AF,. E?

YBTANAAZ T AA L s (1.17)

Magnetic energy density. An analogous argument can be made for the energy of magnetic fields. The
large flat plates instead of electric charge may carry electric current at opposite directions, distributed
uniformly over each plate, e.g., with the current surface density of +(Z, = j, dz). Using the Ampére-
Maxwell equation V x B = (47 /c)], the magnetic field between the plates is B, ~ (47 /c)I,. Each plate
is attracted to the other by the Lorentz force of surface density
AFL. ByZ, B?

AA 2 ¢ 81

(1.18)

The magnetic energy density is thus'
BQ
o8
Magnetic field is a form of energy, and since it may extend over large volumes it can store large amounts
of energy. The possibility of releasing (dissipating) this energy is of fundamental astrophysical importance.
One of the key mechanism that can enable that is magnetic reconnection.

up (1.19)

e Roger Blandford coined the term magnetoluminescence as a generic mechanism of efficient and
rapid conversion of magnetic energy into radiation. Such mechanism is necessary in order to ex-
plain the high radiative efficiency of extreme cosmic sources that are locally dominated by magnetic
energy (relativistic magnetization o = B?/(4wpc?) > 1), such as Pulsar Wind Nebulae (PWN),
blazars, Gamma Ray Bursts (GRB) and magnetars (Blandford et al., 2017). Magnetoluminescence
likely involves magnetic reconnection, but only as the first step. Reconnection is a local process that
enables the release of volumetric magnetic fields, e.g., in the process of magnetic relaxation. The
magnetic energy would be transformed into particles by means of heating and non-thermal particle
acceleration. Finally, if the energetic particles undergo rapid radiative cooling (e.g., in the synchrotron
process), their energy can be efficiently converted into radiation. The overall efficiency of magnetolu-
minescence depends on the efficiencies of all these intermediate processes.

Electromagnetic energy change. Knowing what is the energy density of electric and magnetic fields, let
us calculate how it evolves in time according to the Maxwell’s equations:

Oug c = - - -

— = —F- B)—-FE- 1.2
o =l (VxB)-E], (120
oup c - - o

-— = ——B. E). 1.21
ot 4 (V x ) ( )

This implies that 1 G2 = 87 erg/cm3.



The last term in the electric energy change —E- j represents Ohmic dissipation. For the most basic Ohm’s
law j = o E with scalar resistivity o, it equals —o E2. The remaining terms can be combined by considering
the change of total electromagnetic energy:

_ e P.7 1.02
ot ot ey J (1.22)

Ougn  O(ug + up) c = (E y B') B

Introducing the Poynting flux S = (c¢/4x)(E x B), we can write the energy equation for electromagnetic

fields as:
Ourm

ot
Notice that in the absence of Ohmic dissipation, the electromagnetic energy density may decrease due to
the divergence of the Poynting flux. This means the Poynting flux carries electromagnetic energy between
places (this is particularly true for the electromagnetic radiation), hence the Poynting flux is an electromag-
netic equivalent of the momentum density.

- V.§-F.] (1.23)

Poynting flux change. Let us derive an equivalent of the momentum equation for electromagnetic fields
by calculating the change of Poynting flux:

aS" = eu(BYO,ET + B0, BY) (1.24)
0,5 E?4+ B2 _ EEi+ BB A N
e e —peB -~ (j x B) (1.25)

In the last equation, the first two terms on the RHS can be identified as a divergence of symmetric tensor
9;TE\; known as the (minus) Maxwell stress tensor:
. E'EV 4+ B'BJ

2 2
B4 B,

T =
EM 8w 4

(1.26)

The remaining two terms constitute the Lorentz force density fi, = p.E + (j x B)/c. The stress tensor
consists of two main components: the first one (diagonal) is the pressure of electric field Pg = E? /87 = ug
and magnetic field Ps = B?/87 = ugp; the second one is the electromagnetic tension —E'E7 /4m —
BB /4, which for the diagonal terms has an opposite sign to the pressure.

e Example: consider uniform B = (B,,0,0) and E = 0. In such case, TEJM = (B2%/8r) diag(—1,1,1),
which corresponds to a positive pressure across the field line and negative pressure along the field
line. The fundamental difference between pressure and tension: pressure pushes, tension pulls.

o In fluid dynamics one can relate pressure P to the internal energy density u;,,y = P/(x — 1), where
k = 14+ P/uy is the adiabatic index. For the magnetic field we can infer an adiabatic index kg = 1+
Pg/up = 2. Itis also possible to define a magnetic enthalpy density wg = ug+ Pp = 2up = B? /AT,
The ratio of magnetic and fluid enthalpy densities is known as the magnetization o = wg/w =

B?/4rw.
We can thus write the momentum equation for electromagnetic fields as:
1908 - -
T =N T — F1. 1.27
S v — L (1.27)

Energy-momentum tensor. The spatial Maxwell stress tensor can be extended to the spacetime energy-
momentum tensor by identifying:

E2 + B2
Tey = upm = Tar (1.28)
Y
) St 1 /o i

TO = 2 (E B) : 1.29
EM B I X ( )
i E?+B%_,. FE'E/+B'B

TY, = oY — . 1.30
EM 8 4 ( )



With this, the energy and momentum equations can be generalized as the energy-momentu conservation
law?:
0. Thy = — 11, (1.31)

where fi' = {(E-J)/c, fi}.

e Inverse cascade is a property of magnetized turbulence that magnetic energy may transfer from
small scales to large scales. This is a tendency opposite to the forward cascade characteristic for
unmagnetized turbulence in which energy trasfers from large scales to small scales. Inverse cascade
is possible due to the magnetic tension which tries to shorten magnetic field lines as much as allowed
by their topology. Complex topologies can be simplified locally by means of magnetic reconnection.
A related problem of magnetic relaxation (Taylor, 1974), in which magnetic fields of short coherence
scale relax to a configuration characterized by long coherence scale, has been studied numerically
(e.g., Zrake & East, 2016).

Force-free electrodynamics. In certain situations, the Lorentz force density may vanish fL = 0. In par-
ticular, this can be expected in regions dominated energetically by magnetic fields (pulsar magnetospheres,
base regions of relativistic jets), where the pressure and inertia of matter can be neglected. A basic con-
sequence of vanishing Lorentz force is that fL B = pe(E . é) = 0. Unless p, = 0 (e.g., in the vacuum),
this can be satisfied for E - B = 0. It is then possible to derive an explicit formula for current density jas
function of instantaneous E, B fields (without any time derivatives). First, consider the change of E - B,
using the Maxwell-Faraday equation to eliminate 8§/6t:

d /2 =~ = 0E - 0B - OE - (= =
0=— (E-B)=B-—+E-—=B-— —E- E) . 1.32
c@t( ) 03t+ cot cot (VX ) (1.32)
Next, use the Ampere-Maxwell equation to eliminate the aE/at term:
L. o At = - - OE
B-(VxB) _ 55,598 (1.33)
c cat
7B = i[*. V x B —E-(ﬁxﬁ)}. (1.34)
4
Finally, we take the cross produce fi, x B:
ﬁ'E_:—' g 1 -2 — — -
0 = E><B+f[<j-B)B—B2j} (1.35)
47 c
- VAN >
B = o FExB+(jB)B (1.36)
47
- = 3 c = N[(=2_ 3 =73 (2. 3 S (= =
J(E.B) = 47TB2{<V-E> (ExB)+B[B-(V><B)—E-(VXE)H (1.37)

Using this relation, it is possible to construct numerical codes that evolve E, B fields in highly magnetized
environments, including covariant formulations in general relativity (e.g., McKinney, 2006).

Electromagnetic potentials. The electric and magnetic fields can be expressed in terms of the electric
scalar potential ¢ and magnetic vector potential A:

_ 104 _

E = -2 _ .
— o7 ~ V¢, (1.38)

B = VxA. (1.39)

The electromagnetic potentials by design satisfy the Gauss law for magnetic fields (Eq. 1.7) and the
Maxwell-Faraday equation (Eq. 1.8).

Given the E, B fields, the potential values are not unique and they can be fixed using an arbitrary gauge
function 1 (t,7), such that A — A + V¢ and ¢ — ¢ — (1/¢)dy1b. The most common gauge conditions are:

29, = 0/0xH for p € {0,1,2,3} with 20 = ¢t



e Coulomb gauge: V - A = 0, most suitable for slowly varying fields;

e Lorenz gauge: 0, A" = (1/c)0v¢ + V - A = 0, introducing the electromagnetic four-potential A* =

—.

(¢, A), most suitable for rapidly varying fields (radiation).

Magnetic moment and dipole Sources of magnetic field (e.g., magnets) can be characterized by the
magnetic moment m. When placed in external magnetic field By, a torque is induced 7 = m x By.
Magnetic moment generates a magnetic dipole described by vector potential

. mxR
A= (1.40)
In cylindrical coordinates (r, ¢, z) in which 1. = (0,0, m) we have
- mr - m . N
A:ﬁ¢:ﬁsm9¢. (1.41)
where § = Z(m, ﬁ). The corresponding dipole magnetic field is:
B o= 9xi= 2es (Ao, 04 (1.42)
0z r or
~ 1 N\ -
B = I [3sinfcosti+(3cos0 — 1)z = = [3 (- R) k- . (1.43)

Magnetic dipole is the lowest-order component of the multipole expansion and the simplest example of
a poloidal field (a field that in spherical coordinates (R, 6, ¢) has only Bgr, By components). The dipole
magnetic field strength decays like R~3, and it dominates over higher-order components at large distances
(in the so-called far-field regime).

e Magnetic dipole with magnetic moment my is the field produced by a thin circular loop of electric
current Iy = mgo/mR3 in the limit of infinitely small loop radius Ry — 0 (e.g., Jackson, 1998).

2 Magnetohydrodynamics (MHD)

Lorentz transformation. Electromagnetic fields undergo Lorentz transformation. The transformation of
components parallel and perpendicular to the boost vector v = Sc is:

= By, (2.1)
B = By, (22)
B = r(bﬂ+§x B) : (2.3)
B = F(Bl—ﬁxﬁ) , (2.4)

where I' = (1 — 32)~1/2 is the Lorentz factor. These equations can be generalized to:

B = Fﬁ—%(ﬁ-ﬁ)g—&-l‘ﬁxé, (2.5)
Bo= réfFﬁgl(é.E)ﬂlrﬁxE. (2.6)
One can also demonstrate the invariance of £ — B2:
(B} —E?=(B)2-B® = I? [(5 x B2+ (Fx B2 —2F-(Ex B)|, 2.7)
(E")? - (B")? = E?*-B2. (2.8)



e |t can also be shown that Maxwell’s equations are Lorentz invariant.

In the non-relativistic limit 3 < 1, hence I' ~ 1 + 32/2, one can show that the transformation reduces
to:

E E+f3xB, (2.9)
B o~ B-fxE. (2.10)

¢

One can note that the Lorentz transformations of E, B fields are quite symmetric.

Ohm’s law. The co-moving electric fleld E’ and be related to the co- moving current densr[yf by an Ohm’s
law. A basic Ohm’s law has the form y = oE' with the scalar electric conductivity o. If the conductmty is
sufficiently high (o > ¢?/vL), we have E’ < E, hence E~ B x j, hence E ~ BB < B, hence B’ ~ B.
Hence, the symmetry of the Lorentz transformations is broken. One can further show that ;' ~ 7, which

means that in general reference frame f ~ g (E + 5 X E).

Magnetic diffusivity. Electric conductivity o can be associated with the resistive (Faraday) time scale
T, = 1/(4mo). We also introduce the electric field variability time scale 7z = E/|0E/0t| in order to scale
the displacement current term in the Ampére-Maxwell equation:

VxB ~ 2224 2 (2.11)
(1+T")E ~ éxﬂﬁrﬂ(ﬁxé). (2.12)
TE C

where we introduced the magnetic diffusivity n = 7,c* = ¢ /(4wa).

The displacement current term can be neglected for 75 > 7,. From the Spitzer resistivity, the standard
estimate for magnetic diffusivity is  ~ 10* T, 32 em?s~! with Ty = T/(10°K) (e.g., Brandenburg &
Subramanian, 2005). This implies microscopically small resistive length scales c7, ~ 3T6_3/2 nm, hence it
is really safe to neglect the displacement current for all astrophysical objects. When we do that, we have:

R

7 i (6 x é) , (2.13)

S
[2

Bxg+! (VXB) (2.14)
The Maxwell-Faraday equation becomes the induction equation:

o8
ot

the basic equation of resistive magnetohydrodynamics (MHD).

- ﬁx(ﬁxé—nﬁxé), (2.15)

Magnetic diffusion. For a static equilibrium (¢ = 0) with uniform n, the induction equation reduces to:

=nV2B. (2.16)

This is a diffusion equation (Fick’'s second law) with diffusion coefficient 7.
Example: for a Gaussian magnetic field B, (t,y) = Bo(t) exp [fy2/20§(t)], the solution is o, (t) =

V2nt and By(t) o< 1/v/.



Diffusive time scale. For a system of finite length scale L, magnetic diffusivity can be associated with
the diffusive time scale T, = L?/n.% This is the time scale on which magnetic field strength decays in the
absence of regeneration mechanism. It can be estimated for key astrophysical objects as follows:

e Earth’s outer core: L ~ 3.5 x 10% cm, T' ~ 3 x 10® K, n ~ 10* cm?/s, resulting in 7, ~ 5 x 10* yr,
very short on geological scale.

e Sun’s interior: L ~ 1.5 x 10*° cm, T~ 107 K, n ~ 2 x 10% em?/s, resulting in 7, ~ 2 x 1019 yr,
longer than the Sun’s age.

e Galaxy: L ~ 6 x 10%° cm, T' ~ 10® K, n ~ 3 x 10® cm? /s, resulting in 7, ~ 4 x 10> yr, much longer
than the Universe’s age.

Magnetic Reynolds and Prandtl numbers. Given a characteristic velocity scale v, the diffusive time
scale 7,, can be compared with the dynamical time scale T, = L/v. The ratio of these time scales is known
as the magnetic Reynolds number:

induction Ty %

Rm = p p = =
diffusion 7, n

(2.17)
Magnetic diffusivity n is analogous to the kinematic viscosity v in fluid dynamics. Both these parameters
have the same units cm?/s. In the same sense, magnetic Reynolds number is analogous to the Reynolds

number:

advection _ Ty _ %’ 2.18)

viscosity To v

R

where 7, = L?/v is the viscous time scale. Furthermore, magnetic diffusivity can be compared directly to
kinematic viscosity through the magnetic Prandtl number:
R viscosity 7, v

=——2__Z (2.19)
U

P,=—
R diffusion 7,

Typical values of R, and P,, for various astrophysics objects are reported in Table 1 of Brandenburg &
Subramanian (2005). Most of these objects are inferred to have R, > 1 (except the protostellar disks with
R, ~ 10), which means that induction dominates the diffusion. At the same time, stellar-scale objects have
P,, < 1 (diffusion dominates the viscosity), while galaxy-scale objects have P, > 1 (viscosity dominates
the diffusion).

Ideal MHD. Since most astrophysical systems satisfy R,, > 1 (which is equivalent to L > n/v or
o > c?/vL), at least globally, magnetic diffusion can often be neglected. This leads us to the limit of
ideal MHD with simplified expressions for the electric field and the induction equation:

E ~ Bx§, (2.20)
OB o
5= VX(UXB). (2.21)

Additional microscopic conditions for ideal MHD can be formulated using two dimensionless parame-
ters: y = (RL) /L, the ratio of typical gyroradius (Ry,) to the system size L; and = \/m;/m.({v) Teon/L),
with (v) the mean thermal particle speed, and 7..;; the collisional time scale. These conditions are:

1. small gyroradius: y < 1;
2. large collisionality: x < 1;
3. small resistivity: y? < .

For more details, see Sec. 11.G-H of Freidberg (1982).

3For dipole magnetic field, it can be defined more accurately as 7, = L?/(n2n).



Magnetic flux freezing Ina pIasma satisfying the ideal MHD limit, consider a surface S at time ¢ threaded
by the magnetic flux ®(¢ ffs -dS. The surface evolves by following the velocny field U and by the

time t’ =t 4 ot it becomes surface S’ that has magnetic flux @' (t') = [, B(t') - dS’ and that has swept
volume element §V. Note that the tube connecting the surfaces S and S’is not a magnetic flux tube, it is
defined by the velocity field and there may be net magnetic flux through its sides. Indeed, the magnetic flux
through the sides at time ¢’ can be related to the magnetic fluxes through S and S’ using the divergence
theorem:

'(t) — () + Puae(t) = ///dv ﬁ B(t dV:O, (2.22)

Dyao(t') = ?f Bt dledt) (2.23)

Using the cyclic identity for the scalar triple product (dfx Ij) B = ([7 X ]§> -df, we find:

d®  0® SN
— = B)-dl. 2.24
at — ot 7& (U x ) di (2.24)

Finally we apply to Stokes’ theorem to convert the contour integral into surface integral:

//f 4§ - /Lﬁx(ﬁxé)dg_//sﬁfﬁx(ﬁxé)

In the final term we identify the induction equation for ideal MHD, hence d® = 0, which means that magnetic
flux is frozen into the flow. This result is also known as the Alfvén theorem.
This derivation followed Section 3.3 and Figure 3.1 of Brandenburg & Subramanian (2005).

-dS. (2.25)

Lorentz force density in non-relativistic MHD. Recall that the general form of the Lorentz force density
is fz = peE + % (] x B). In ideal MHD, both the electric charge and current densities can be expressed
as functions of magnetic and velocity fields:

1o = 1 = /-
pe—EV-E:%V~<Bxﬁ>, (2.26)
j:i(ﬁxé). (2.27)

In the non-relativistic limit 5 < 1, the peﬁ term is O(3?B?) and it can be neglected. The Lorentz force
density is then

g 1 = — — 1 — = — 1 —
~ B) B]:—(B~ )B—— B?) . 2.2
= [(VX x BV &Y (B7) (2.28)
The first term on the RHS is the magnetic tension, the mathematic form of which is a material derivative.

A basic example of a field that has a tension is toroidal field in cylindrical coordinates B = By(r, z)¢, in
which case the tension force is directed radially inwards:

(B : v) B=_"2% (2.29)

The second term on the RHS of Eq. (2.28) is the gradient of magnetic pressure —6(32/870 = _VP;.
A basic example is a unidirectional field with strength gradient perpendicular to the field line B = B, (y)Z,
for which

vV (B?) = 24, (2.30)

Uniform magnetic field is force-free. Non-zero Lorentz force requires some structure in the magnetic
fields, although it is possible to have structured magnetic fields that are force-free.

10



Energy-momentum tensor in ideal MHD. Substituting E=Bx ﬁto the energy-momentum tensor, one
obtains:

B4 B _ (14 4)B (3 B)?

Tgn = upv=—g- = : (2.31)
S _ 1 s i B (FB)B
01 = —_— = — =
Tew = = (E XB) ir : (2.32)
. E?2+B? . EE'+ BB
Ty = S0
8w 47
B2 . (1-8%)B*+(3-B)?_,. BBi 3B, . . .
= —ﬁlﬁhr( ) (8- B) 89 — (1 - p?) —ﬁ—(ﬁlBuﬁﬂBl) . (2.33)
47 8 47 47

3 Fluid dynamics

This is a concise summary of essential fluid dynamics without magnetic fields, that will be used in the
subsequent sections. We attempt to introduce a consistent notation, paying particular attention to distin-
guishing the extensive parameters (e.g., particle number § V) from the intensive parameters (e.g., particle
number density n). This section is partially based on Thorne & Blandford (2017).

Conservation of particle number and mass, continuity equation. Consider a Lagrangian volume el-
ement 0V containing N particles. The particle number density is n = §N/5V. Unless particles can be
created or destroyed, the particle number is conserved, d(6N) = 0.
For particles of mass m the mass element §M = m N is conserved, d(6M) = 0. Mass density is
p=0M/6V = mn.
A volume element evolves according to the local velocity field ¢(). During a time interval d¢ it will be
displaced by d” = 7 dt and expand by d(5V') = 6V (6 : 17) at.
We now use the material derivative to express the variation of particle density:
on L o= dn  d(6N/V) —_—
— . =—=——""=— U . 1
ot +(” v)n at dt "(v v) 31
From this one can derive the continuity equation

on = L
E+V~(nv)f0, (3.2)

which has an identical form for the mass density p.

Conservation of momentum, Euler equation. Consider a force §F acting on a fluid element of volume
0V, mass 0 M, velocity ¥ and momentum §p'= v 6 M = pdV. The Newton’s second law states that:

L d(6p) A7
§F = =20 = s :
dt  dt (33)

From that, one can derive the Euler’s equation:

o7 v 0F f 3.4
p’ '

o "

introducing the force density f = §F /§V. Combined with the continuity equation, this can also be written
in a tensor form 8;(pv?) + 9;(pviv?) = fi.
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Kinetic energy density. This is defined as uxin = 6&kin/dV = pv?/2. The dot product of the Euler's
equation with velocity

- [glt#(ﬁﬁ)a} :17~£ (3.5)
combined with the continuity equation results in the evolution equation for kinetic energy density:
in =, . d in = R
(9751; + V- (ugin®) = % + Ukin (V . v) =f-v, (3.6)

where the last term represents work done on the fluid element in unit time.

Internal energy density. This is defined as wiyy = d&int/IV. The first law of thermodynamics states
that d(0&i) = T°d(6S) — Pd(dV), where T is the temperature, 0.5 is the entropy element, and P is the
pressure. In an adiabatic process, entropy is conserved, d(6S) = 0, hence d(§&iy) = —P d(6V). In term
of the internal energy energy, this corresponds to:

d-uint
dt

= (i + P) (V7). (3.7)

One can introduce the enthalpy density w = ujys + P = Kuing, Where k is the adiabatic index (specific
heats ratio). For ideal non-relativistic monoatomic gas: x = 5/3, uins = (3/2)P and w = (5/2)P. Since
uiny X P, one can write an equation for pressure evolution:

dpP

%+(g.§)P:E:—;@P(§~ﬁ). (3.8)

Conservation of energy. We have seen that (1) kinetic energy density uy;,, changes due to work (density)
f—ﬁdone by force density f on the other hand (2) internal energy density u;,, is proportional to pressure P.
Pressure gradient is a force density f} = —V P In the absence of other forces, the work done by pressure
gradient on a fluid element changes its kinetic energy:

d(6Ein) = A(SWp) = 5V ( o - a) dt = —5V dP. (3.9)
Compare this with the internal energy change and combine them to obtain the total energy change:

d(6&m) = —PA(5V), (3.10)
A(6E0t) = A(5&iin + 0Eime) ~d(P4V). (3.11

Conservation of total energy of a fluid element can be thus stated as:
d(0&r + POV) =0. (3.12)

Dividing this equation by the mass element 6 M leads to the Bernoulli’s equation:

d(&ﬁ'mt + P§V) U2 w
% —d(—+—=]=0. 3.13
oM 2 + p ( )
One can also obtain an equivalent tensor form:
autot —d 5
5 + V- [(utot + P) 0] =0. (3.14)

It is important to note that evolution of kinetic energy derives entirely from the conservation of mass
and momentum. Given those two conservation laws, the conservation of total energy is equivalent to the
evolution of pressure dictated by the adopted equation of state.

12



Conservation of entropy, adiabatic equation of state. The velocity divergence can be used to relate
the variations of density and pressure:
- 1dp 1 dP
=t - 3.15
Vv p dt kP dt ( )
This is equivalent the invariance of d[In(P/p*)] = 0 (the adiabatic invariant), which implies an adiabatic
equation of state P x p" (valid for any given Lagrangian fluid element).

The adiabatic invariant is related to the specific entropy (entropy per unit mass) s = 0S/0M =
cy In(P/p*), where ¢y = (3/2)(kg/m) is the specific heat capacity at constant volume. Specific en-
tropy of a given fluid element is thus an invariant, ds = 0. Moreover, the conservation of mass implies the
conservation of entropy d(45) = 0.

Linearization of the conservation equations. Fluid dynamics can thus be described using 3 equations

expressing the conservation of mass (continuity equation), conservation of momentum (Euler’'s equation),

and conservation of energy (pressure equation derived from the adiabatic equation of state). Various phys-

ical phenomena can be investigated by considering a zero-order (background) stationary (9; = 0) equilib-

rium and first-order (linear) perturbations. Every fluid parameter can be decomposed into background and

perturbation components, e.g., mass density can be decomposed as p = po + p1, S0 that |p1]| < |pol, etc.
The linearized continuity, Euler's and pressure equations are:

Ip1 =

5 T V- (pio) + V- (poth) =0, (3.16)
% + (5 9)d+ (7 V) 1:/12—?:%/)1, (3.17)
% + (ﬁl'ﬁ)PO‘F(_’O'ﬁ)Pl‘F/@Pl (6'170)-5-/‘6130 (6'171)20, (3.18)

respectively.

Uniform static background, sound waves. ﬁConsider the case of a static (vp = 0) and uniform (constant
po, Po) background. This implies that fo = —V Py = 0, hence an equilibrium.
The linearized continuity, Euler’'s and pressure equations become:

d =

% = —po (V~'U1), (3.19)

% _ _va17 (3.20)
0

oP, =

= - _ﬁpo(v.vl), (3.21)

respectively. Note that these equations imply a feedback loop between pressure perturbation P, and ve-
locity perturbation 7, while the density perturbation p; is driven by ¥; without a feedback. Hence, we only
need to consider the Euler’s and pressure equations.

Adopt an oscillatory velocity perturbation o7 o exp (iwt + ik - F), where the frequency w and the wave

vector k are independent of time and space.
The pressure equation becomes:

iwP, = —KP, (112 : 171) . (3.22)

Since P, is uniform, this implies that pressure perturbation has the same oscillatory form P; o exp (iwt + ik - F).
The Euler equation becomes:

L ikP ik kP (Fea) . (3.23)

wup = — =
Po Po W
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Taking a dot product with —iwk:

o Py /-
W? (k:-ﬁl) — 2l (k-171> : (3.24)
Po
This results in a dispersion relation
w? kP
2 = K = cf,o (3.25)

the describes a stable (w? > 0) wave — the sound wave, for which c; q is both the phase and group speed
(uniform and isotropic) — the speed of sound.

Maxwell-Jittner distribution, relativistic ideal gas. We have so far discussed the properties of non-
relativistic ideal gas, for which the adiabatic index is x = 5/3, and the speed of sound is ¢s = \/kP/p. The
particles of such gas satisfy the Maxwell-Boltzmann velocity distribution:

3/2 2
3 m _mo 3
f@)d>v = <27rk;BT> exp( 2k3T> d°v, (3.26)

where kg is the Boltzmann’s constant. This distribution is valid as long kg7 < mc?, or introducing dimen-
sionless relativistic temperature © = kpT'/mc* < 1.

The Maxwell-Boltzmann distribution can be generalized to the Maxwell-Jiittner energy distribution,
which is valid for arbitrary temperatures:

_ y?Bdy
- O K,(1/0)

exp (—1) , (3.27)

f(y)dy 5

where v = (1 — 3?)~1/2 is the particle Lorentz factor (dimensionless energy), and K»(z) is the modified
Bessel function of the second kind. Using this distribution one can calculate: the mean particle particle
energy (7) = 30 + h(©), where h(©) = K;1(1/0)/K2(1/0); pressure P = nkgT = Opc?; relativistic
enthalpy density w = pc? + [k/(k — 1)|P = [4© + h(©)]pc?; adiabatic index k = 1 + ©/((y) — 1); the
speed of sound ¢s = ¢y/KkP/w.

In the limit of non-relativistic temperatures (© < 1), with h(©) ~ 1 — 30, one obtains the standard
results, e.g., k = 5/3, w =~ pc? + (5/2) P and ¢s = ¢+/(5/3)6.

In the limit of ultra-relativistic temperatures (© > 1), with h(©) ~ 1/(20), one obtains k ~ 4/3, w ~ 4P

and ¢, ~ c/\/§

Relativistic fluid equations. For a fluid propagating in a laboratory reference frame with relativistic bulk
velocity 7 = B¢ we define the bulk Lorentz factor I' = (1 — 32)~'/2 and four-velocity u* = T'(c, ¥) = u(1, B).
The continuity equation can be written in the following form:

O (put) =0, (3.28)
where 0, = 9/0z* with 2# = (ct, Z). This can be expanded to:

0 -
20 49 (mom = 0. (3.29)

In the above, p is the mass density measured in the fluid co-moving reference frame, and I'p is the mass
density measured in the laboratory frame.
The conservation equations for the energy and momentum can be written as:

9, TH" =0, (3.30)
where T}" is the energy-momentum tensor of the fluid. For an ideal gas with isotropic pressure P:

ubu?

T =w + Pgh" | (3.31)

c2
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Figure 1: Speed of sound ¢, and adiabatic index « as functions of the dimensionless temperature © =
kT /mc? calculated from the Maxwell-Jiittner distribution. The dashed red line indicates 1/+/3, the dotted
red line indicates /(5/3)©, the dashed blue lines indicate 4/3 and 5/3.

where w = pc? + uin, + P is the relativistic enthalpy density, and ¢ is the (Minkowski) metric tensor of
signature (— + ++). Components of the energy-momentum tensor are:

7 = T?w-P, (3.32)
7Y = T?wp', (3.33)
T = T2wp'pl + P, (3.34)
The energy and momentum equations can be expanded as:
0 = 9 (Mw—P)+V- (Twd) , (3.35)
0 = 0 (MPwv') +9; (MPwv'v?) + 0;Pc”. (3.36)

In the limit of non-relativistic velocity 3 = v/c < 1 and non-relativistic temperature © = kT /mc? < 1,
substituting w = pc? + uin, + P, introducing the kinetic energy density uyi, = pv?/2, using the continuity
equation and the identity dI" = I'*3d3 ~ d/3?/2, the energy equation becomes:

0 = pc2OT + Oyuing + pc2(v - 6)1“ +V- [(wint + P)V] , (3.37)

0 = Oy(ukin + tint) + V- [(ukin + tine + P) 7], (3.38)

consistent with Eq. (3.14). The momentum equation becomes (keeping only the terms including c? factors):
0 ~ pcow’ + 8f(ums + P)v'] + p?(7- Vo' + 9 [(tint + P)v"07] + 0;Pc* (3.39)

0 =~ p(8t+ﬁ-6)6+ﬁp, (3.40)

identical with the Euler equation.

4 MHD waves

Consider a static background vy = 0 with uniform magnetic field ]§0. Since fo = 0, there is no background
Lorentz force density f1, o = 0, and with uniform background pressure P, we have f, = 0.
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The linearized Euler equation is

ov S\ o=\ L f fo

@ a9 - LoL, (@)
o - - -
poa—; = fi=-VP+fi1. (4.2)

Linearization of the Lorentz force density. Since j’o = 0, the linearized Lorentz force density is

-~ jJ1xB
fia =120 (4.3)
C
Substituting the linearized Ampére equation j; = (¢/47)(V x By), we have
- 1 /= = _
fi1=— (v X Bl) x By. (4.4)
47

The perturbed magnetic field can be related to the velocity perturbation using the linearized induction
equation in ideal MHD:
OB
ot

Like in the hydrodynamic case, we adopt an oscillatory velocity perturbation v} o exp (iwt + ik - F):

L=V x (171 X §0> . (4.5)

iwB, = ik x (771 X éo) , (4.6)
ﬁ,1 = ﬁ(lzxﬁ)xﬁo—hw {k:x {Ex(ﬁlxéo)”xéo. (4.7)

Note the quadrupole cross product! This appears to be the main reason for the much richer structure of the
solutions that we are going to obtain. This quadrupole cross product can be reduced usign the chain rule
starting from the square bracket:

K x (171 X éo) - (/%' EO) 7 — (/%'-61) By, (4.8)

fir = 4:@ {(k: BO) [(/%’x 171) x Eo} - (/2-61) [(Ex EO) X EOH . (4.9)

And now we reduce the two double cross products:

(Exﬁl)xf}’o - (EO-E>617(§0-171)E, (4.10)

(Exéo)xﬁo = (EO-E)EO—(BE))E, (4.11)
o = g { (R (o) () )

+ ﬁ[Bg (E~171)—(E-§0) (éo-ﬁl)}lz;’. (4.12)

The perturbed Lorentz force density has thus three components along U1, Bo and k. To proceed further,
we will project f1, 1 along three independent vectors By, kand k x By:

fin-By = 0, (4.13)
fin = 42’7’:; 53 (£ ) — (- Bo) (Bo-)] (@14
fin- (Fx Bo) = — (k- Bo) (- (k= Bo) | . (4.15)

The perturbed Lorentz force density is thus perpendicular to the background magnetic field Eo.
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Linearized Euler equation along k x B. Project the linearized Euler equation along the k x By vector:
iwpofz’l . (E X éo) = 71P1E <]: X go) + f_lLJ . (E X éo) . (416)

The pressure term disappears since k- (E X EO) = 0. In this case the linearized Euler equation states that
velocity perturbation @ is driven by the perturbed Lorentz force density fi, 1, which is a function of current

dgnsity perturbation 5’1, which by the linearized Ampére equation is a function of magnetic field perturbation
By, which by the linearized induction equation is driven by #;. This makes a single feedback loop

1?1 — (Zw)él — ;1 — ‘](171 — (iw)ﬁl, (417)

in which the time derivative Qt = jw is applied twice.
Substituting f.,1 - (k X By):

iwpoTh - (12 x B’O) S (E.B'O)Z [171 : (/2 x B’O)} . (4.18)
This can be rearranged to the form:

= (R B [ (R )] 0. .19)

4mpo

We thus obtain the A/fve’n dispersion relation describing stable waves (w? > 0). Introducing the wave vector
inclination angle k - By = kB cos § and the background magnetization oy = BZ/(4mpoc?), we obtain the
phase speed:

N

vy = = ooc? cos? 0 = 05\70 cos? 0, (4.20)

where ca o = ¢\/a0 = Bo/\/4mpo is the Alfvén speed*. Because the phase speed depends on 6, the
propagation of these waves is anisotropic, maximized along the background magnetic field B,.

Relativistic Alfvén speed. For relativistic plasmas we would use a momentum equation derived from the
general energy-momentum tensor:

6222(1+00)w0417r(g‘§0)2] [171' (EXEO)} =0, (4.21)

where wg = poc? + [k/(k — 1)]P, is the relativistic enthalpy density such that oy = B3 /(4mwy) is the
relativistic magnetization. The main difference from the non-relativistic Euler equation is the additional
(14 o) term. This term limits the phase speed be less than the speed of light:

w2 g0 2

c?cos’ = Ci,o cos? 0, (4.22)

]{32 - 1+O’0

vi

where cp o = c+/00/(1 + 09) is the relativistic Alfvén speed.

For ultra-relativistic magnetizations o > 1, hence the magnetic enthalpy density B2 /47 > wo > poc?,
we have cp o =~ c, with the corresponding Alfvén Lorentz factor I'a o = /14 og. In the limit of non-
relativistic magnetization oy << 1 and pressure Py < poc?, we recover oo ~ B3 /(4mpoc?) and cp g ~

C\/FO ~ Bo/\/471'p0.

4We exclude the cos 6 factor from the definition of Alfvén speed cp o. In this view, solutions to the Alfvén dispersion relation can
be called the Alfvén waves (or intermediate waves) for any value of 8, but their anisotropic propagation speeds are vp = ca g cos 6.
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Linearized Euler equation along B, and k. Since fLJ - By = 0, the linearized Euler equation projected
along By is rather simple:

i o (771 : Eo) — i (12 : B’O) P, (4.23)
Substituting P, = — (kP /w)(k - %) from the linearized pressure equation:
w? (Bo-11) = “;ZO (F-Bo) (ko) = 2o (k- Bo) (k7). (4.24)

This needs to be combined with the linearized Euler equation projected along k:

iwpo (171 : 1%’) — k2P, + LI:T [ 2 (1%'-171) - (1%’ éo) (§0~171>] . (4.25)
Substituting P, = — (kP /w)(k - #1):
AEa) = )+ (fg) - (55 (Ben) . @2

Combining with Eq. (4.24):

2(Fw) = 8|2t 2 S0 (E 5| (Fom) .27
! SO dmpy  Ampow? 0 v ’

Unless 7, L F, this result is the magnetosonic dispersion relation:

w
P (o + ci)o) = + 2 oChocos’0 =0, (4.28)
where we substituted B3/ (4mpo) = c3 -

The magnetosonic dispersion relation can be represented using a graph consisting of 4 scalar nodes
Py, k-v1, By - th, k- fi,1 (omitting By and j1) and 6 relations (multiplications by w or iw):

vy - (WP (4.29)

k-7, — (zw)(“ 1), (4.30)

P = (w)(k-T), (4.31)

P = (W) (By-7), (4.32)

Bo-t1 — (iw)(k- fui1), (4.33)

E-fia — (iw)(k-7). (4.34)

These relations make 3 distinct feedback loops starting and ending at k- U1:

E-? — (WP — (W) (k-#), (4.35)

k-t = (iw)(k- fra) = (w)(k-5)), (4.36)

k-t —  (w)P = (w)(Bo-71) = (iw)(k - fr1) = (iw)(k-71), (4.37)

with the longest loop producing the w* term, and the parity of iw factors guaranteeing that the dispersion
relation is real.
The magnetosonic dispersion relation has two solutions:

2

2
vi = % =3 Co+caoE \/(052,70 + 02A70) — 43 o3  cos? 9] (4.38)

that are always real and positive. These solutions represent the slow (vs = v—) and fast (vpm = v4)
magnetosonic waves.
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For relativistic magnetizations, the magnetisonic dispersion relation can be generalized to:

4 2 2
w 1+ ogcos* 0 w
P (1iaoo + Ao> 7 Tochocos’0 =0, (4.39)
and the solutions are:
1|14 ogcos?6 1+ 0gcos?2 6 2
’U:2t = 5 WCE’O + CzA,O + ch’o =+ CgA,O — 463’00170 COS2 9 . (440)

Waves along By. Consider the case of # = 0, hence k I By. Since k x By, we can only use the
magnetosonic dispersion relation, which simplifies to:

2
v2 = 3 03,0 + CQA_’O + (03’0 — Ci,o) € {cg’o, Ci,o} ) (4.41)

This implies that these solutions have the character of sound and Alfvén waves.
For a more detailed picture, we decompose the velocity perturbation @, = oy | + ¥, 1 into components

parallel and perpendicular to k. The pressure perturbation is then:
Py =——Fkvy. (4.42)
The perturbed magnetic field becomes:
_ 17/ =\ . - .\ =
Bi = —|(F-Bo)w— (ko) Bo| = o (4.43)
A similar simple form is obtained for the perturbed Lorentz force density:

F = g { () 0 (R B) (F-0) B 85 (F-) - (o) (o) 7]

k% B2
_ ! 0 Tl (4.44)
4w

Substituting the above to the linearized Euler equation:

iwpoth = —ikPy+ fLa, (4.45)
. kP, k2B2
wpev; = kQ—Ovl’H + o U1,1 (4.46)
w 4w
(w? = K*cZo) Uy + (W — KPR o) T, = 0. (4.47)

The last equation shows that for each type of wave a different component of the velocity perturbation
disappears.
For the sound wave we have w? = k*cZ,, hence 71,1 = 0: velocity perturbations are longitudinal

(07 | E) and compressible (P, # 0), there is no perturbed magnetic field (§1 = 0) and no Lorentz force

(fL,1=0).

For the Alfvén wave we have w? = I<:2c2A70, hence #; | = 0: velocity perturbations are transverse

-

(h L k) and incompressible (P = 0), the perturbed magnetic field and Lorentz force density are also
transverse (B || fu1 L k), but not polarized.

Waves across By. Now consider the case of § = 7/2, hence k L By. Although k x By # 0, the Alfvén
dispersion relation returns w? o (k - By)? = 0. We again use the magnetosonic dispersion relation, which
reduces to:

1

2 _
'U:t—§

2
2o+ oty (o + ) 1 e {0,20+ Ao} - (4.48)
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Let us define the fast magnetosonic speed® C%M7O = c§70+ci,o. This suggests that only a fast magnetosonic
wave can propagate strictly perpendicular to the magnetic field.
Once again, we decompose the velocity perturbation ©; = ¥, | + #1,1 into components parallel and

perpendicular to k:

P =

B

fua

HP()
——kvy ),
w

——v1,|Bo,
w

Substituting the above to the linearized Euler equation:

Wpov1

2 2.2 = 2
(w —k CFM,O) 'U17|| +w V1,1

= 0.

(4.49)
(4.50)

(4.51)

(4.52)
(4.53)

For the fast magnetosonic wave we substitute w? = k*cg; o, and hence @, ; = 0. Velocity perturbations

are longitudinal (; || E) and compressible (P, # 0), like the sound waves. The perturbed magnetic field is
By || By (hence strictly polarized), while the perturbed Lorentz force density is fuall k.

MHD wave speeds.

from Eqgs. (4.22,4.40).

1.0

co=1/V3,6=45°

Coo = 1/\/5, o, =1

Figure 2 presents the propagation speeds for relativistic magnetizations, calculated

1.0 T
0=mr/2 —
0.0F SM | ]
CFM,0 "
UpM |]
0=0
A I

00 L L L L L L I
0.0 0.1 0.2 03 04 05 0.6 0.7 08 09 1.0

Figure 2: MHD wave propagation speeds vsni, va, vrym (in units of the speed of light ¢ = 1) as functions of
oo (left panel) and @ (right panel). The limiting values c; o, ca 0, crum,o are indicated.

5The anisotropic propagation speeds of fast magnetosonic waves v%M for intermediate values of 6 are less than crar 0.
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5 Rayleigh-Taylor instability (RTI)

5.1 RTlin HD

We now consider the effect of gravitational acceleration on a static equilibrium (v = 0). We will begin from
the hydrodynamic case (éo = 0) in order to discuss certain caveats.

The gravitational acceleration is specified in a standard terrestial convention § = —g2, where 2 is the
unit vector pointing vertically up, and g = const > 0. The vertical direction is now distinguished from the
horizontal (z, y) plane. The gravitational force density is f;; = pg. Under the gravitational acceleration, the
static equilibrium is known as the hydrostatic equilibrium, where gravitational force density is balanced by
the pressure gradient pgg = V Py, hence

Pi(z)= — = —gpp < 0. (5.1)

The prime ’ will in general denote 9,.

Vertical profile of the background density is assumed to satisfy pf, = po/A, with A\, = const the density
height scale. We have thus introduced a length scale to our problem, which can be associated with the
‘free-fall’ time scale t, = \/|\,/g| and velocity v, = \/|g\,| (Where we neglect v/2 factors).

Linearization. The linearized Euler equation is:
ovy

PO = ~VP, + 3§ - (5.2)

We now adopt an oscillatory form for the velocity perturbation #; o exp(iwt + ik - 7). We should note,
however, that the dependence of other perturbed parameters pi, P can be more complex. The Euler
equation becomes:

Z‘(J‘}povl,m = *ikxpl ; (53)
Z'(.dpo’Ul,y = —ikypl y (54)
iwpovi,. = —P—gpr. (5.5)

The horizontal components can be used to eliminate the horizontal velocity perturbations:

kxpl

Vi = , (5.6)
wWpo
ky P;
vy = —-21. (5.7)
wpPo
Next, we linearize the continuity equation:
0 S =
D+ (3 V) potpo (Vom) = o, (5.8)
iwpr + v1,2p5 + po (tkyv1 o + ikyvry +ikv1,) = 0. (5.9)
The divergence of horizontal velocity is substituted as
tkpvi o +ikyviy, = — Py, (5.10)
wpo
. Po ikiy .
wp1 + T — Py +ik.povi,, = 0, (6.11)
Ap w
where k2, = k2 + k2. The density perturbation can be eliminated as
o= ( = k) v+ 2P (5.12)
Ap w w
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Next, we linearize the pressure equation:

aP = —
a—tl+(51-v) Py + kP (V-171> ~ 0, (5.13)
iwPy + v1 . Py + KP (ikyv1 5 + ikyvry + ik.v1 ) = 0. (5.14)
Substituting the horizontal velocities and the hydrostatic equilibrium P = —gpo:
ik2, kP,
iwP; ~ gpovr, — —* %Pl +ik.kPyvy. = 0. (5.15)
0

We identify the local speed of sound v2 (z) = kPo(2)/po(2):

7.2
ik,

" v§,0P1 —&—ikzviopovl,z = 0. (5.16)

wP — gpovi,z —

From this, we can eliminate the pressure perturbation:

(w? — k;gyvio) P = —(ig+ kzvio) wpeU1, 2 (5.17)
ig + kzwgﬂo
Po= g e 19

We have thus expressed p1, P; in terms of v, ., and these can be substituted to the vertical component
of the linearized Euler equation iwpov1 . = —P] — gp1. However, calculating the derivative Pj is a bit
complicated in the general case. In order to simplify that term, one can consider either of the following three
approximations: (1) short-wavelength, (2) incompressible, and (3) isothermal. We are going to discuss them
in order.

Short-wavelength limit. In the short-wavelength limit, we assume that k., > 1/A,, that |k.| < kuy
(which means that it can be comparably large, but also much less, even zero), w ~ 1/t,, and vs g ~ v,. In
particular, we can simplify the denominator in the formula for Py (w? < k2,v2,), but we need to keep the
full nominator because of expected cancellations:

ig + k,v2
P W20 oo (5.19)
kzyvs,o
Substituting P; to the density perturbation (here a cancellation takes place):
(1 g\ po
p1 =~ il —+ 5| —v1.. (5.20)
Ap Vig ) w
The pressure derivative becomes particularly simple:
/ k2
Pl ~ ikzpl ~ k?ziprvl,z . (521)
xry
Substituting the above to the Euler equation:
, . k2 !
iwpevr,, = —szZposz —ig| — + % @vl,z . (5.22)
k:xy Ap Vo) w
From this, we obtain the dispersion relation:
]{32 2
W? <1+ ;) ~ -2 _ 9 (5.23)
kacy )‘P US,O

Instability (w? < 0) requires that v2,/(g),) > —1. Hence, any positive A, (density increasing vertically
up, against §) is unstable, but also a moderately negative A, can be unstable for g(—\,) = v,f > vio (a
supersonic free-fall). One can also verify that the assumed relations between parameter magnitudes are
indeed satisfied. In particular, the value of k, is not very important, as long as it is not significantly larger
than k.
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Incompressible limit. Here we consider the limit of strongly subsonic free-fall velocity v, < vs. Using
the general expression for pressure perturbation (Eq. 5.18), one can calculate the divergence of velocity
perturbation:

- ik?2 k2, 02 — ik |\, |w?\ v
V-t = ——2P 4k, = [ 222 P Lz 5.24
LT gy LT < ki vdo — w? Ao 524
which tends to zero for v o — oo. Hence, this limit means incompressibility.
The pressure perturbation simplifies to:
ig + kv, k,w
1= —"5 75 5 WPOVl,z X S5 PoV1,z - (5.25)
UJ2 - k%y Us,O kgy
With v o eliminated, the derivative of P, is then rather simple:
k,w k.w (1
1 2 ol S
Pl = k%y (P0U1,z) = k%y (Ap + Zkz) PoV1,z - (5.26)
The density perturbation (Eq. 5.12) also takes a simple form:
. 2 .
v Po kzy LPo
= — -k, ) —vi, — P~ ——v,. 5.27
P1 <)\p > wvl, + 2t w)\pvl, ( )
Substituting P; and p; to the vertical Euler equation:
) kyw ik%w ig
iwpovy . = —P{ — gp1 =~ *k%y)\p POVL,z — Epovl,z - T)\pﬂovl,z , (5.28)
2 ik kg > g
w[1-— + Vi, X —U1,. (5.29)

The imaginary term can be eliminated by modifying the z dependence of vy ,. First, let us make a step
backwards by substituting ik, — 0.:

vy vf g
2 z \Z
w” v,z — = ~—=V;. (5.30)

Now substitute v1 , = fo(2)&1 with &1 « exp(ik,z), effectively redefining k.. The first and second deriva-
tives are v} , = (f§ +ik.fo)é and vy , = (f¢ + 2ik. f§ — k2 fo)€1. The result is:

2 fo +ik: fo 6I+Qiszcl)k§f0) g
w” | fo— - &1~ ——fob1- (5.31)
The imaginary terms cancel out for f;/fo = —1/(2),), which means that f; o« 1/\/po and fy/fo =
1/(4)%). With this, we obtain a dispersion relation:
1 k2 ) g
2 z

W 14+ —— + ~ (5.32)

( a2z k2, X

While the LHS is a bit more complex than in the short-wavelength limit, the instability condition (w? < 0) is
simply that A, > 0 (density increasing against g).

Isothermal limit. The assumption that background temperature Tj is constant implies that the speed
of sound v is constant. The derivative of v can be expressed as (v2,) = —kg — vZy/A,, hence
isothermality implies a particular scale height A\, = —vao/(ﬁg) < 0 (density increasing along ¢, which
suggests stability), and a particular free-fall velocity vg = vf’o/n (the gas is thus compressible).
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In the isothermal limit, calculation of the pressure perturbation is significantly simplified:

kg? — ik, (k + 1)gv2, — k2v?
Pl/ - g . ( )g s,0 z s,prO,ULZ. (533)

US,O (wQ - k%yvio)

The vertical Euler equation becomes:

2 2 2 2,,2
2 - 1 kTyg W Rg / w US,O " 5.34
w, = —(k-— )ﬁ’%z"‘ 2 2 .2 VY27 T35 2 .2 Vlz- (5.34)
w? — k:wyvs}o w? — kmva w? — kmyv&o

The imaginary term can be again eliminated using the v, , = fo(2)&1 substitution, which allows to obtain a
dispersion relation with all terms real:

1 2.2 5292
1+ k2 2 w2 (kZUS,O + 41130

2 2
k3y9
_ 2
zyvs,O

2 2 _
kgyvso —w

(—w?) +(k—1) =0. (5.35)

One can see that for an unstable solution with w? < 0 the first term would be positive, and the second term
could only be negative for k < 1, a non-standard equation of state. Hence, for « > 1 there is no unstable
solution, which is consistent with the fact that A, < 0.

Physical principle. What is the simplest explanation for the Rayleigh-Taylor instability? Let us consider
again the short wavelength limit &, > 1/|\,| in the special case of k,, = k., = 0. The complete set of basic
linearized equations is:

iwl = ik, — (5.36)
Po )‘p
. Pl 2 .
Ww— = —VUg9 kavl,w + gui,z , (537)
Po ’
P,
oy, = —iky—, (5.38)
Po
P/
iwvy, = —-L— g2 (5.39)
Po Po

Noting that Py /p1 ~ w?/k2 ~ 1/(k277) < v2, we can neglect the pressure gradient term in the vertical
Euler equation. The pressure equation can also be eliminated, since |kmv§70v17m| = |(k§/w)v§70(P1 /p0)| >
lw(Py1/po)|.- We are then left with just 3 equations for three unknowns:

iw& = —tkyvip — Az ) (5.40)
Po Ap
02 gikavie ~ gui, (5.41)
wuyz —g& - (5.42)
Po

In analogy to the discussion in Section 4, one can identify in these equations two closed feedback loops:

e Incompressible loop: vy, — (iw)p1 — (iw)vy,.. Consider the case of A\, > 0. Starting from
vertical velocity pointing upwards (v; ., > 0), gas of lower py is advected from below, resulting in
negative density perturbation p; < 0. This implies a reduced gravitational force, hence a gravitational
perturbation pointing upwards —gp; > 0, which acts to further increase vy ..

e Compressible loop: v ,(— P1) — (i)vi, — (w)p1 — (iw)vy .. Consider the case of constant
background density (1/\, — 0), in which there is no incompressible loop. Starting again from v; . >
0, a small but positive pressure perturbation P, > 0 is induced, which generates a horizontal sound
wave with vy, > 0, which compresses the gas with the effect of triggering a negative density
perturbation p; < 0, with consequences like above. The compressible loop can only work in a warm
gas with v o > 0.
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5.2 RTIlin MHD

We now consider the same problem of a static background (v, = 0) under uniform gravitational acceleration
g = —gZ, but we add a horizontal background magnetic field ﬁo = By(z)Z. We thus allow for the magnetic
field strength to have a vertical gradient B, = dBy/dz, but no vertical curl, hence By, = By. = 0. We
have thus distinguished one horizontal direction & as the direction of background magnetic field. The other
horizontal direction g is the direction of background current density jo = (¢/4m)B{gj. And the background
Lorentz force density is directed vertically fL70 = (Jox By)/c = —(BoB}/4m): = —[(B2)' /8n]z = — B.0%s
it amounts to the gradient of magnetic pressure Pg o = BZ /8.

Magnetohydrostatic equilibrium. The vertical force balance needs to be modified from the hydrody-
namic case: —V Py + pogd + fL o =0leadsto (P, + Pg o) = —gpo. One can assume independent profiles
of po(z) and By(z), and use them to integrate the gas pressure profile Py(z). Here we adopt exponential
profiles with constant height scales A, A such that pj, = po/A, and B}, = By/Ap.

Linearization. The perturbed magnetic field is calculated from the linearized induction equation. This
calculation is similar to that presented in Section 4, but with additional terms including the background
magnetic strength gradient BJ):

OB Lo N = o /o

5 = (Bo : v) 7 - (171 : v) By — By (v : 771) , (5.43)

iwél = Z]CTB()’[_JH - éévl,z - EO (ZE . 171) 5 (544)
Z.UJBLz = _ikyBOULy - (36 + Z.]{ZZB())ULZ 5 (545)
iWBl,y = Z.kaol}Ly 5 (546)
inl,z = ’L'k‘mB()ULZ . (547)

The perturbed current density is:

. c . CkmBO U1, .

o = gk Bre = By = G (<5, ik ) (549

. C . CBO k 7 2k 3
— —(B' —ik B = 20y kv — 2 k2 5.49
Jiy 471'( 1,z — WRa 172) Arw |: )\BULy yU1y + ()\QB A5 ? xz) U1,2:| ’ ( )

) ic cBo . 5 1 .
»=—(kyB1y —kyB1,) = -— |ik ky | — + ik, 2 5.50
J1, 4ﬂ,( Ly yB1,z) T {Z 2y Uy T Ky <>\B +1 )Ul, ] ( )
where k2, = k2 + k2 and k2, = k2 + k2.
The perturbed Lorentz force density is:
jOyBl,z kr Bg

= - , 5.51
fL,l, c g 471’0.}1}172 ( )

]1 ZBOJ, 192 B2 1 . Bg
= 1k ky k, | —wv1., 5.52
fuay =77 Wy 1 wm,y TRy (5n T ) et (5.52)

JoyBia  Ji1yBoa Bi (2 /
g = —= — = k,—— | — ,
Ju, c c Y4rw \ \p iy T ULy
21 3k B2

- ik ) o, 5.53
+< oy f) A 1 (5:53)
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The linearized Euler equation is then:

P v3
LUQ’Ul_m = _kmwil - ikwﬁvl Z (554)
’ Po A
2 _ Py 2,2 i 2
Wiy = —kng + kg Uk oV1y + Ky | k2 — o VA0V 5 (5.55)
P p 2 3ik 2
2 . 1 . 1 . 2 / 2 z 2
. = — — — ik — ks, — - — ., (5.56
w vy, w P Jrzwgpo ikyvx o ()\Bvlyy +U1’y> + ( o g /\23> VA 0V1, ( )

where we introduced the background Alfvén velocity v3 , = Bg/(4mpo).
This is completed by the linearized continuity and pressure equations:

WP (12-171) LT (5.57)
Po )\p
P - V3

w—t = —vfo (k . 171) — (g + A’0> i1,z , (5.58)
Po ’ AB

where we substituted P from the magnetohydrostatic equilibrium.

Interchange mode. Consider the case of k£, = 0 and k, # 0, hence a transverse mode with k L By. In
this case, the x component of the Euler equation becomes trivial and implies that v, ,, = 0. We are left with
4 linearized equations:

W= (E~ﬁl) 4 S (5.59)
Po Ap
P, - v2
w— = %, (k~171) - <g+ A“) i,z (5.60)
Po B
p .
w2vl,y = —k‘ywp—; + ki”i,ovl,y + ky </<:Z - )\ZB> 1)12\7011172 , (5.61)
P/ p1 2ik 3ik 2
2 S Y, 2 g2y 2 z 2
- -1 L — ik . ke — - — . (5.2
w v, iw P +ng,00 g VA, 0V1,y — thyVX gV1,, + ( > g )\2B> VA oVLz - ( )

These equations can be reduced in the short-wavelength limit k7 viy o > w?, where vpn o = /02 + 03
is the background fast magnetosonic speed. Lengthy calculations result in the following dispersion relation:

k2 vl g g
Lt 5=~ WQZ_T_ . (5.63)
v VFM,0 p UFM,0

In the hydrodynamical limit (By = 0 and vem,0 = vs,0), this is consistent with Eq. (5.23). The effect of
magnetic field is merely to generalize the sound waves to the fast magnetosonic waves.

In the description of the physical principle of the Rayleigh-Taylor instability, in the short-wavelength limit
k, > 1/|),| and the special case of k., = 0 and B;, = 0 (since Az does not contribute to the dispersion
relation), the complete set of basic linearized equations is:

iw% = —ikyvy,y, (5.64)
0
. Pl . U1,z
w— = —ikyvyy — ——, (5.65)
Po ’ )\p
P
iwp—l = —ikyvZguiy + guis, (5.66)
0
P Bi,
iwory, = —iky— — ik, Blo , (5.67)
P/
twvy , = fp—lng—l. (5.68)
0 0
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Note that B = 0 and k. = 0 implies that B} , = 0 and jo,, = 0, hence also j; , = 0, and hence fi 1, = 0.
This is why B, ., contributes only to the horizontal Euler equation.

It can be shown that P, and B; , are small, allowing to combine the induction, pressure and horizontal
Euler equations into z‘kyv%MOvLy ~ gv; ., and to eliminate P; from the vertical Euler equation. Therefore,
the compressible loop can be generalized to the fast-magnetosonic loop vi ,(— P1,B1,3) — (i)v1,, —
(w)p1 = (iw)vy 2.

This unstable mode has been first demonstrated by Kruskal & Schwarzschild (1954), and was lated
called the interchange mode, because in the version of the problem where a layer of unmagnetized plasma
is placed over a layer of strong magnetic field, the plasma will slip between the magnetic field lines, with the
final outcome of a plasma layer under the magnetic field (the interchange between plasma and magnetic
field).

Parker mode. Consider the case of k, = 0 and k, # 0, hence a longitudinal mode with k- By = 0 (not
exactly parallel if k., # 0). In this case, it is the y component of the Euler equation that is trivial, hence
v1,y = 0. We are left with the following equations (z-Euler, continuity, pressure, z-Euler):

Vo _ o _Kakstio Fikag (5.69)
U1,z B k%“?,o —w? -
wpr 1 k%g —ik,w? (5.70)
POV, % a Ap kazcvs2,0 —w?’ .
iwP; Ui 0 9 k2g — ik, w?
_ 0 _ g2 Bed Z W 5.71
PoV1,z 9+ AB ¥s.0 k%”f,o - w? ( )
5 iwPy iwp1 ( 2 3ik, 5 ) 9
—wt = —— = + =+ — ki, | vao- 5.72
PO,z gpovl,z AL A A0 ( )
Applying the short-wavelength limit k&, > 1/|),| leads to the following dispersion relation:
k2 9 g
1+ 2w - — 2 4+ k203, 5.73
(15 =i i (5:79)

The last term on the RHS is dominant and stabilizing. Its origin can be traced to the —j; , By, term of
the fi.1,, Lorentz force density, where j; , includes the tension term —ik,(c/47)B; ., with the perturbed
magnetic field B; ., = (k,/w)Bo 41 .. Therefore, magnetic tension stabilizes sufficiently short longitudinal
perturbations.

The pressure perturbation gradient has to be calculated in its general form:

iwP] 1 2\ VR  K2g—ik.w? I I G0
(L Sy S e SR e B S T %) Z S0 (574
POV ()\p Tt >g+(/\3 t ) AB +k%v§’0—w2 Ap t Vot k2v207w2 ( )

T z s,

We can see that unless (Ug,o)/ = 0, it will be even more complex. It is thus a good case to apply the
isothermal limit, as has been done originally by Parker (1966). An additional assumption is that (vi,o)/ =0,
which means that Ag = 2),,.

The vertical Euler equation becomes:

2 2 2,,2 2,,2
2 k.Lg US,O 1 2 w US,O / w US,O 7
WU,z = —T75 3 2 g+ Viz—=5v |YA0 = 732 p) vy, + 2.2 5 V1,2
k2vi,—w Ap Ap R 7L w F kv —w?

T zYs,0 zYs,0

+u o(kjv. — 7 ,). (5.75)

Once again, it is possible to eliminate the v} , term by substituting v; . = exp(ik.z — 2/2),) &1

k2g vy 1 1 w?v2,

2 T s 2 2 2 s
R L [ (5 + 42 ) 5.76
k202 — w? <g Ap 4N2 zz | VA0 4x2 0 ) k22 ) — w? (5.76)

T
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Figure 3: Solutions to the Parker dispersion relation (Eq. 5.77) for k = 5/3 and k., = 0 in units of
g = vZy =1 (inwhich A, = —(3/5)(1 + 1/Bp1,0)). The left panel shows w? as function of k.|X,| for
different values of 3, indicated by the line colors corresponding to colors of the symbols shown in the
right panel. The right panel shows the lowest (most negative) values of w? (circles) and the corresponding
values of k;|\,| (crosses) as functions of 3;10.

Finally, we substitute the plasma beta parameter (3,10 = Po/(Bg ,./87) and A, = —[v2 o+ (k/2)v3 o]/kg =
—(1 4 1/Bp0)vio/kg (a consequence of (v2,)" = 0), and obtain the Parker dispersion relation as a
quadratic equation for w? with all terms real:

4 2 \2 2 'Usz,O 2 2 2 2/‘¢5p1,0 2 \2 F@ﬁpl,o Kﬂpl,O
w—(1 +4km)\p) <1 + Hﬁpm) 4)\gw +kig {(1 n ﬂpl,o)ka)\p + 30+ Boro)? + T+ g 1 0.
(5.77)
Note that for any unstable solution (w? < 0), the first two terms would be positive, hence the last term
would need to be negative. In the limit of k., = 0, that requirement leads to the condition:

2(k —1)B2 0+ (36 — 4)Bp0 —2 < 0. (5.78)

In the particular case of k = 5/3, this condition is satisfied for 8,10 < 0.91. Instability is only possible above
some minimum magnetization.
In the hydrodynamic limit (8,1,0 — 00), the Parker dispersion relation reduces to:

w — (41\2 + kiz> v§70w2 + (k= 1)k2 g% =0, (5.79)
14
which is consistent with Eqg. (5.35): no unstable solutions for x > 1.

Solutions to the Parker dispersion relation for x = 5/3 and k., = 0 are presented in Figure 3. This
plot confirms that unstable solutions exist only for 3,10 < 0.9. The most rapid growth rates with w? ~
—0.034(g/|\,|) oceur for 3,10 =~ 0.18 at the wavenumber &, ~ 0.66/,,.

The Parker instability is driven solely by the —k2g? term, which can be traced to the gravitational per-
turbation —gp1. The density perturbation p; includes the term —(k, /w)pov1 ., With the longitudinal velocity
perturbation v; ., (Eg. 5.69) contributing an additional &, g factor (while the k:mkzzvf,o term cancels out).
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6 MHD shocks

The shock problem Consider a stationary discontinuity along the z = 0 plane, the shock front, with a
normal vector 7 = [0,0,1]. The standard convention for describing vector components relates them to
the normal vector, hence a parallel component is the component parallel to 77, etc. A fluid flows from the
uniform upstream region 1 (z < 0) to the uniform downstream region 2 (z > 0) with velocity components
V1,2, 2, > 0. Given the upstream fluid parameters, the objective is to determine the possible downstream
fluid parameters.

—

Hydrodynamic shock Consider the relativistic stationary continuity equation (Eqg. 3.29): V - (T'p?) = 0,
hence 0.(I'pv,) = 0. Across the continuity this means I'ypovs . = I'1p1v1,2, OF One can write that in the
form [Cpv.] = 0. Similarly, the conservation of energy and momentum 9, 7}/ = 0 (Eq. 3.30) can be written
as [Té‘z] = 0. In the hydrodynamic case one can choose a reference frame where v; ;, = v, = 0 and
V2, = V2, = 0, leaving two non-trivial jump equations (energy and momentum, respectively):

= [T§*] = [MPwp.], 6.1)
0 = [T§] = [[Pw(B.)* + P, (6.2)

where 3 = ¥//c. Adopting an adiabatic equation of state for the downstream fluid, with relativistic enthalpy
density wy = pac? + [ka/ (ko — 1)] Pa, pressure P, = Oqpoc?, relativistic temperature ©, = kg7 /mc?, and
adiabatic index 4/3 < k2(02) < 5/3, the problem reduces to 3 equations for three variables va, p2, O2.

Non-relativistic hydrodynamic shock. Consider the limit of non-relativistic velocities v;,v2 < ¢ and
non-relativistic temperatures 01, ©, < 1 (hence 1, k2 = 5/3). The shock jump equations can be reduced
to the Rankine-Hugoniot conditions (conservation of mass, momentum and energy, respectively):

p2v2 = p1v1, (6.3)
pavs + Py = pof+ Py, (6.4)
2 2
p2v3 | 5 p1vy D
—P = -P . 6.5
(2 +2 2>U2 (2 +2 1)01 (6.9)

Let us introduce the shock velocity jump, equivalent to the compression ratio: r = vy /vy = pa/p1. Elimi-
nating vy and Ps, the Rankine-Hugoniot conditions can be reduced to a single linear equation for r:

(r —4)p1vi +5rP, =0. (6.6)

The solution can be represented in terms of the Mach number M; = vi/vs1, Where vs1 = /5P1/3p1
is the upstream speed of sound: r = 4M}/(M? + 3). One can also find the pressure jump P»/P; =
(4r—1)/(4—r).

It can also be shown that for » > 1 the specific entropy s = 65/ M satisfies sy > s1, and also that
My > 1 and M, < 1. The solution is physical when a supersonic upstream flow converts into a subsonic
downstream flow.

Magnetic field jump. The change of magnetic field components across the shock front is calculated from
stationary source-free Maxwell’s equations in ideal MHD.

From the Gauss’s law for magnetism V-B= 0, hence 0.B, = 0 or [B.] = 0. Magnetic field parallel to
the shock normal is conserved.

From the Maxwell-Faraday equation V x E = 0 we have conditions for two perpendicular components
0.E, = 0,E, =0, hence [Byv, — B,v;] = [Byv. — B,v,| = 0. Magnetic field perpendicular to the shock
normal is compressed.

The Gauss’s law for electricity would predict a surface density of electric density X, = [E.]/4m, however,
E. # 0 requires a perpendicular velocity component. The Ampére-Maxwell equation predicts a surface
density of electric current, e.g. J, = (¢/4m)[B,], it requires the presence of perpendicular magnetic field.
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Magnetized shocks. In the presence of uniform magnetic fields By, Bs, shocks can be classified as:

e parallel shocks: By, B, || 7. Parallel magnetic field cancels out from the shock jump equations, which
reduce to the hydrodynamic form.

e perpendicular shocks: él,ég 1 7. Perpendicular magnetic field contributes to the shock jump
equations, as will be shown below.

e oblique shocks: B, # 0 and By, # 0, which implies that B, | # 0, but also that v> | # 0 even for
v1,1 = 0 (perpendicular acceleration).

Magnetic energy-momentum tensor Consider an oblique upstream magnetic field By = (B1,4,0,B,)

and parallel upstream velocity By = v1/c = (0,0, 31 ). The corresponding upstream energy-momentum
tensor in ideal MHD (Egs. 2.32 - 2.33) has three non-zero components:

. B},
TR, = 51,ZT7'T ; (6.7)
Tz Bl,sz
Tema = T (6.8)
B?, jB?.B?, B2
TER = Ly E 6.9
EM,1 8 + 8 8T (6.9)

The first equation represents the flux density of electromagnetic energy. The second equation represents
the flux density of perpendicular electromagnetic momentum (perpendicular Poynting flux), which is non-
zero only for oblique shocks and generates perpendicular downstream velocity 32 .. The third equation
represents the parallel Poynting flux (perpendicular field contributes magnetic pressure with positive sign,
parallel field contributes magnetic tension with negative sign); however, note that the B2 and 57 , B , terms
cancel out across the shock, hence only the B%’m term features in the shock jump conditions.

Non-relativistic perpendicular shock. In the presence of perpendicular magnetic field By 5, B2 » # 0,
the shock jump equations are generalized to:

p2v2 = pP1U1, (6.10)
2 2

p2vs + Py + L p1vi + Pr + it (6.11)

8 8t ’

2 2 2 2
P25 5 BQ T P1V7 5 Bl T

> P : = P ’ 6.12
(2 toP+ 47T>U2 (2 tobit = o (6.12)
Bszva = Bigvr. (6.13)

Using the shock velocity jump r = v /vs, the downstream magnetic field can be eliminated as B, , =
rB; ,, and the above equations reduce to a quadratic equation for r:

2

B3,
(r — 4)p1v} + 5Py +r(r+5)—81’* =0. (6.14)
us

In addition to the standard Mach number Af;, we introduce the Alfvén Mach number My 1 = v1/va 1,
where va 1 = By, /\/47mp1 is the upstrem Alfvén speed:

3r  r(r+5)
4+ =S+ 75 =0. A
T +M12 + 2M/§,1 0 (6.15)
This equation has only one physical solution:
MR,
= 2 —
r 5 [ q Mi,l q] , (6.16)
6 5
q = 24—+ , (6.17)
My MR,



compression ratio r =p, /p;
: . : . . :
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Alfvén Mach number M), ;

1 2 3 4 5 6 7 8 9 10
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Figure 4: Non-relativistic shock compression ratio as function of the sonic and Alfvén Mach numbers.

which is illustrated in Figure 4. Requiring that » > 1 leads to vi > v} | + v3; = vy, i.e., super-fast-
magnetosonic upstream flow.

Relativistic perpendicular shock. In the case of relativistic fluid with perpendicular magnetic field, the
shock jump equations take the following form:

Iop2B2 = Tipif, (6.18)
2 2 B%,l’ 2 2 BIQ,a:
LowaB5 + Po + o = [fwi By + P+ e (6.19)
) B3, ) Bi,
DoweBe + —=F2 = Tiwif1+ —=p51, (6.20)
4 4
By .2 = Bizbi. (6.21)

It is a bit difficult to solve them analytically in the general case, because they correspond to a 4th order
polynomial. Numerical solutions in the limit of cold upstream fluid (©; = 0, hence P, = 0 and w; =
p1c?) are presented in Figure 5. The main effect of magnetic fields is that the shock becomes weaker,
reducing the four-velocity jump u /us (and the velocity jump 31 /832), the compression ratio p»/p1, and the
downstream temperature ©-.

Ultra-relativistic perpendicular shock. Consider the limit of I'; > 1, hence 81 ~ 1. The shock velocity
jumpisr = 1/B2 =~ 1/B2. As usual, we can eliminate B, , = rB; .. Ancitipating a relativistic downstream
temperature O, > 1, we adopt ko ~ 4/3 and ws ~ 4P;.

The momentum equation (Eq. 6.19) becomes:

r2+3
r2 —1

g
Py~ [1 (- 1)31} 2w, (6.22)

where we introduced the upstream magnetization o1 = Bim/(zlwl“%wl). The energy equation (Eq. 6.20)

takes a similar form:
4r

S = [1—(r =10y T?w; . (6.23)
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Figure 5: Numerical solutions to the cold (©; = 0) magnetized perpendicular shock jump equations (Egs.
6.18 - 6.21). The solutions are presented as functions of upstream four-velocity uw; = I'y3; for several
values of the upstream magnetization o;. The upper left panel shows the downstream four-velocity us =
'y 32; the upper right panel shows the compression ratio ns /n1; the lower left panel shows the downstream
adiabatic index ro (multiplied by factor 3); and the lower right panel shows the downstream dimensionless
temperature ©, = kpTy/mc?. For oy > 0, the marginal solutions with us = uy, no/n; = 1, etc., are
indicated.
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Combining the above equations allows to eliminate the downstream pressure:

P. 2—(r2-1 1—(r—1
2~ (r=Dor  1=(r=1or (6.24)
(r2 = HTfwn 2(r? + 3) 4r
The last two sides relate the upstream magnetization and the velocity jump:
(r—3)
o1 6.25
YT =) +3) (6.25)
This is a quadratic equation for r, the solution to which is:
1 + 20‘1 3
~ 21— ——= —1] . 6.26
" T [ A1 + 201)2 1 (6.26)

One can further distinguish two special limits:

e Hydrodynamic limit (o1 = 0): the result is » ~ 3, hence the downstream region is characterized
by velocity 3, ~ 1/3, density p» ~ /8T'p1, pressure P, ~ (2/3)I'3w,, and temperature O, ~
(1/3v2)(T1wi/prc?).

e Relativistic magnetization (I'y > o1 > 1): the resultis » ~ 1 + 1/(201), hence in the downstream:
velocity 32 ~ 1 — 1/(204), density py ~ I'1p1/\/01, pressure P, ~ I'2w; /(80y), and temperature
Oy = Py/pac? = (1/8y/c1)(T1w1/p1c?).

7 Magnetic reconnection

Magnetic reconnection is a dissipation mechanism, in which the energy of ordered magnetic fields is con-
verted to other forms of energy: kinetic, internal and non-thermal. The idea of magnetic reconnection has
been first proposed by Giovanelli (1946) to explain energization of particles during the solar flares.

A specific scenario for reconnection at the origin of solar flares has been described by Parker (1957).
It considers two sunspots of opposite magnetic polarities, the footpoints of separate coronal loops. These
sunspots may be forced by subphotospheric convective motions to approach each other. The opposite
vertical magnetic field lines from the two sunspots will be dragged to a close proximity. In a highly symmetric
situation, a magnetic null (point/line/surface) may be present. If the field lines are able to reconnect, the
magnetic connections of both sunspots will change, including some direct connections between them that
were not present initially. See the Phenomenology notes for alternative scenarios informed by modern
numerical simulations.

Current layer. Consider locally reversed magnetic fields separated by an interface of thickness §. Specif-
ically, let B, ~ By fory > §/2 and B, ~ —By for y < §/2%. This implies a magnetic field gradient
across the interface 9, B, ~ By /d, which is actually the = component of magnetic curl that by the Ampére
equation implies the presence of electric current density j. = (¢/47)(V x B). ~ ¢By/(476). The thinner
the interface, the stronger current density must be. A thin interface separating reversed magnetic fields is
thus known as the current layer. A reversing magnetic field also implies a gap in the magnetic pressure
P,, = B2/8m. This gap can be filled by the gas pressure.

By matching the magnetic field gradient with profiles of current density and pressure, one can achieve
an equilibrium across the current layer. The most popular solution for a current layer structure is the
Harris equilibrium (Harris, 1962). It adopts the magnetic field profile B, = By tanh(y/d) and a population
of hot drifting particles of density n = nq/cosh?(y/8). The value of ng, together with the z-directed
uniform drift velocity vq and uniform temperature T4, can be adjusted to normalize the current density and
pressure profiles to obtain the exact equilibrium. One can also include a second population of background
particles with uniform density ng, which can be adjusted to obtain the desired background magnetization
oo = B2/(4mngmc?).

8This is an anti-parallel magnetic reversal, it can be modified by adding a uniform B, component - the guide field.
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Reconnection inflows and outflows. A current layer of thickness ¢ along y can be expected to have
a finite length L > ¢ along z. The background magnetic field lines extend largely along . Once two
such lines are reconnected (in the magnetic diffusion region), magnetic tension will act to shorten the
resulting overstretched lines as much as possible, creating a magnetic slingshot that will drive outflows in
the £z directions. These outflows can be treated as large-amplitude perturbations propagating along the
background magnetic field lines, their characteristic speed is the Alfvén speed for the background plasma
Vout ~ Va0 = c\/oo/(1+09). These outflows can be relativistic in cases of relativistic background
magnetizations oy > 1.

Outflows from a reconnection region must be balanced by inflows from the +y directions in order for
the reconnection to be sustained (steady-state). The characteristic speed of reconnection inflows v, is
known as the reconnection rate. It is a fundamental parameter to characterize the efficiency of magnetic
reconnection, because it determines the strength of electric field induced in the reconnection layer E ~
(vin/c)By. This electric field strength is the motional (ideal MHD) field in the background regions. In
stationary situation 0;B, = —c(ﬁ X E)I ~ —ciyE, ~ 0, hence E, should be uniform along y. It can
thus extend uniformly into the reconnection layer despite ideal MHD breaking down there. This electric field
is directly responsible for non-thermal acceleration of particles. Reconnection rate can be related to the
outflow speed via the geometry (aspect ratio) of the reconnection layer: vi, ~ (6/L)vout ~ (8/L)va .

Diffusive reconnection rate. Reversed magnetic fields can in principle reconnect due to magnetic diffu-
sion. Recall that in resistive MHD the electric field can be expressed as:

—

_ 1
E~Bxf+=~-

C

SN

[men(ﬁxf}) (7.1)

Since E, should be uniform along y, we can set £, ~ 0 (although that precludes non-thermal particle
acceleration):

CE, ~ [é x T+ n(V x é)} = Byvy —19,By ~0, (7.2)
This provides the diffusive reconnection rate v;,, ~ n/d. For fixed 7, the reconnection rate is maximized for
the thinnest possible layers. A lower limit on ¢ can be set by microphysical plasma parameters such as the

skin depth d = /mc?/(4me?ng) or the thermal gyroradius pg = kTo/eBy.

Lundquist number. Combining the current layer L, the background Alfvén speed v, ¢, and the magnetic
diffusivity 7, one can define a magnetic Reynolds number R,, = va ¢cL/n also known as the Lundquist
number. Using R,, and the diffusive reconnection rate v;, = 7/d, one can estimate the layer thickness
§ ~ +/nL/va0 = L/\/Rm, and express the reconnection rate as vi, ~ v/nva o/L = va,0/v/Rum.

Based on these parameters, one can also define three characteristic time scales: (1) dynamical (Alfvén)
ta = L/va, (2) reconnection t,ec = L/vin ~ v/ Rumta, and (3) diffusive t,, = L?/n = Ryta.

Sweet-Parker model. The diffusive reconnection rate is the basis of the first model of magnetic recon-
nection — the Sweet-Parker model, co-developed by Sweet (1958) and Parker (1957). They assumed that
reconnection layer is uniform along macroscopic lengths L (the global system size). They also adopted
standard magnetic diffusivity  based on the Spitzer resistivity (see Section 2). With this, they could esti-
mate the Lundquist number R,, and determine other key parameters.

As an example, consider solar flares with length scale L ~ 10* km = 10° cm, Alfvén speed v ~
1073 ¢ = 3 x 107 cms™!, and magnetic diffusivity n ~ 10* cm?s~!. This yields R, ~ 3 x 10'2. This
implies a diffusive reconnection rate v;, ~ 2 cm/s, and a current layer thickness § ~ 600 cm. The three
characteristic time scales are: dynamical to ~ 30 s, reconnection t,.. ~ 6 x 107 s ~ 2 yr, diffusive
t, ~ 10'* s ~ 3 Myr. Therefore, an extremely high value of R,, implies extremely slow reconnection rate
and extremely long reconnection time scale.
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Petschek model. In order to increase the reconnection rate, one should try to decrease the Lundquist
number, and this can be achieved by decreasing the effective length L of the magnetic diffusion region.
Petschek (1964) proposed to introduce a scale separation with a highly localized magnetic diffusion region
of length L* <« L. A small diffusion region would be connected with the large-scale system by stationary
shock waves along oblique lines called separatrices. This model was designed to produce sufficient recon-
nection rates v;,, ~ 0.1c to explain the energetics and time scales of solar flares, but for decades it was
incomplete. It did not explain the localization mechanism for the magnetic diffusion region, and did not even
allow to calculate the reconnection rate from physical principles. It appears that these objectives have been
achieved most recently in the work of Liu et al. (2022). These authors analyzed the structure of two nested
diffusion regions in a collisionless electron-ion plasma (an electron diffusion region, EDR, inside a much
larger ion diffusion region, IDR; outside IDR ideal MHD applies with all particles magnetized; inside IDR
but outside EDR Hall MHD applies with demagnetized/kinetic ions; inside EDR both ions and electrons are
demagnetized/kinetic), using particle-in-cell simulations to verify analytical calculations. They showed that
localization of each diffusion region can be explained by a pressure gap, that the geometric aspect ratio of
each diffusion region S = §/L ~ 0.5 is determined by the particle mass ratio, and that reconnection rate of
vip =~ 0.15¢ is determined by S.

Minijets. The idea that magnetic reconnection drives outflows with speed of the order of the Alfvén speed
for the background plasma v.ut, ~ va o has interesting consequences in case of relativistic magnetizations
oo > 1, for which the Alfvén Lorentz factor is I'a o ~ /00 (see Section 4). Relativistic reconnection
can thus be expected to drive localized relativistic outflows called minijets. This idea has been applied by
Giannios et al. (2009) as an explanation of rapid (time scale of a few minutes) gamma-ray flares occasionally
observed in blazars (see the Phenomenology notes), using the fact that a minijet located within a larger
relativistic jet of Lorentz factor I'; would have an effective Lorentz factor of ~ I';I's o. Radiative output
of minijets has been calculated in the work of Nalewajko et al. (2011), which was based on the relativistic
version of the Petschek model formulated by Lyubarsky (2005). In particular, this model of minijets emission
allowed to explain a rapid TeV flare of blazar PKS 2155-304 together with simultaneous constraints on the
X-ray emission.

Plasmoids. Extremely elongated current layers postulated by the Sweet-Parker model are not stable, they
are subject a few unstable models, of which the most important is the tearing mode (Furth et al., 1963).
Tearing of a long current layer means that it spontaneously breaks up into a chain of closed magnetic loops
described as plasmoids (in 2D) or magnetic flux ropes (in 3D). In current layers characterized by uniform
scalar magnetic diffusivity n, tearing into plasmoids becomes important for Lundquist numbers R, > 10*
(Loureiro et al., 2007). This has immediate consequences for the Sweet-Parker model: it can only be valid
for Ry, < 10*, which implies a lower limit on the reconnection rate v;, > 10~2v, o. Plasmoids evolve along
the reconnection layers by growth, bulk acceleration and mergers (which involves secondary reconnection),
they can also act as particle traps (not perfect in 3D) and can even faciliate particle acceleration. Plasmoid
chains are complex and dynamical structures with interesting radiative signatures, they offer an alternative
to the minijets in explaining rapid gamma-ray flares of blazars (e.g., Petropoulou et al., 2016).

7.1 Kinetic simulations of relativistic reconnection

Particle-in-cell algorithm. Astrophysical plasmas are often characterized by such low particle densities
that Coulomb collisions can be neglected the fluid (e.g. MHD) description of plasma is inadequate. When
the kinetic effects become important, it is also an opportunity to investigate the mechanisms of non-thermal
particle acceleration. An elegant numerical tool for investigating such plasmas is the particle-in-cell (PIC)
algorithm.

In the PIC method, the plasma is treated as a collection of individual macroparticles, each charac-
terized by position and momentum. The electric and magnetic fields are independently discretized on
a special staggered (which means using full and half nodes; staggering is also used in time using the
leapfrog algorithm) lattice (called Yee lattice) that allows for easy calculation of differential operators (div,
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curl) with second-order accuracy (the Gauss’s law for magnetism, V - B = 0, can be satisfied with numer-
ical accuracy). Particle momenta are advanced in time according to the interpolated local Lorentz force.
The fields are advanced in time according to the Maxwell-Faraday equation (for até) and the Ampére-
Maxwell equation (for the displacement current 8tE, using current density fdeposited on the lattice by
local macroparticles). The PIC algorithm is generally more expensive than fluid algorithms, as it requires
multiple macroparticles per cell in order to reduce the Poisson noise that is inevitable imposed on the fields.
| have been using a version of the PIC code Zeltron developed by Benoit Cerutti” (Cerutti et al., 2013).

Particle acceleration in relativistic reconnection. Kinetic simulations of magnetized plasmas allow to
investigate acceleration of individual particles or to follow the evolution of particle energy distribution. In
regions where magnetic fields are strong and regular, the plasma behaves like a fIU|d (despite being col-
lisionless), and the electric fields are motional (satisfying the ideal MHD relation E =Bx 6) hence no
particle acceleration takes place. In regions where reversed magnetic fields undergo reconnection, the
electric fields have significant non-ideal component, and the particles depart from fluid description, un-
dergoing acceleration. Efficient particle acceleration in magnetic diffusion regions (magnetic X-points) in
relativistically magnetized plasma has been first demonstrated using PIC simulations by Zenitani & Hoshino
(2001). The particle energy distributions produced in the magnetic X-points were found to be power laws
N(7) « ~~P with index p ~ 1. Such distributions are considered to be very hard, with most of the inte-
grated energy contained in the highest-energy particles. Such distributions cannot extend indefinitely, and
it has been shown using an iterative calculation that they terminate with an exponential cutoff exp(—v/.)
(Larrabee et al., 2003). This result has been confirmed by large-scale PIC simulations for a broad range of
background magnetizations o, it was found that with increasing value of o, the distribution becomes harder
with p — 1 in the limit of & > 1 (Sironi & Spitkovsky, 2014; Guo et al., 2014; Werner et al., 2016). In
that limit, it was also found that 7. o o, i.e., that the maximum particle energy is limited by background
magnetization. Even larger PIC simulations of Petropoulou & Sironi (2018) showed that in the presence of
very large plasmoids the power-law index softens to p ~ 2, which is now thought to be an artifact of 2D
simulations (energetic particles cannot escape from plasmoids due to artificial symmetry). The latest 3D
simulations converge at p ~ 1.5 (and demonstrate that energetic particles can escape the flux ropes that
have finite length) (Zhang et al., 2021).

The next question is what kind of electric field is responsible for particle acceleration. While early stud-
ies emphasized the role of non-ideal electric fields at magnetic X-points, with increasing size of numerical
simulations the non-ideal fields become more and more localized. Besides the magnetic X-points, possible
sites of particle acceleration are reconnection outflows (minijets), plasmoids and plasmoid mergers (Nale-
wajko et al., 2015). It has been argued that most particles are accelerated by motional electric fields, in
which they spend most of their time, in a Fermi-type process (Guo et al., 2019). One of the key questions is,
whether a particle needs to pass through a region of non-ideal electric field with £ > B to become highly
energetic, the latest results of Sironi (2022) suggest that this is indeed the case.

The relative contribution of minijets and plasmoids to particle acceleration and radiative signatures has
been clarified in the work of Ortufio-Macias & Nalewajko (2020). First, it was shown that minijets and plas-
moids co-exist in the same reconnection layers. Second, both minijets and plasmoids accelerate particles
under different conditions. Minijets are characterized by weaker magnetic fields, and allow the particles to
achieve higher energies, as compared with the plasmoids. The key difference is that plasmoids are much
denser, containing more energetic particles that produce stronger signals of synchrotron radiation. Hence,
plasmoids are expected to dominate the overall radiation output, moreover, plasmoid mergers (even in the
tail-on configuration) are able to produce rapid flares of energetic radiation.

Another important result that was obtained from PIC simulations of relativistic reconnection is the kinetic
beaming effect, which is energy-dependent particle anisotropy, with the highest-energy particles forming
tightly focused beams (Cerutti et al., 2012). Kinetic beaming is a contributing factor to shorten the character-
istic time scale of radiation signatures produced from the sites of relativistic reconnection. The appearance
of rapid flares may result either from finite duration of energetic particle beams or from gyration of the
beams sweeping the line of sight (Yuan et al., 2016).

"http://benoit.cerutti.free.fr/Zeltron/
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8 Relativistic motion

This section will discuss aspects of special relativity related to relativistic motions in jets, which are essential
to understand how the effects of viewing angle make blazars a distinct class of AGN (see the Phenomenol-
ogy notes).

Apparently superluminal motion. Motions with apparent speeds exceeding the speed of light v,,, > ¢
are routinely observed in astrophysical jets. It does not mean that jets are really superluminal, it means
that their true speeds are very close to ¢, but always a bit subluminal. One can consider a source moving
with true speed v = B¢ with § < 1, with the velocity vector v making a viewing angle 6,5 with the line of
sight. The source emits two photons (#1,#2) towards the observer at time interval At.,,. Let us introduce
a Cartesian coordinate system (r, ), where r measures the distance to the source along the line of sight,
and x measures its position in the plane of the sky (the plane perpendicular to the line of sight), such
that ¢ is confined to the (r, z) plane. One can write ¥ = —v cos Oops7 + v sin Oops, Using the unit vectors
7,Z. Over the time interval At.,, the path of photon #2 will be shifted from the path of photon #1 by
Az = v Atey sin 5. Photon #1 is closer to the observer than photon #2 by Ar = —(¢ — v cos Oops) Atem,
it will thus be registered earlier by At,ps = —Ar/c = (1 — 8 cos Oops) Atern- Then, the apparent speed of

the source is: _
Ax [3sin O

cAtops 1 BcosOops
It can be shown that apparent speed is maximized at the value of v,,, = I'v for the viewing angle satisfying
sinfops = 1/T and cos .5 = S. This means that observation of an apparently superluminal motion with
Bapp > 1 sets a lower limit on the true Lorentz factor of the source I' > f3,,,,. Superluminal motion not due
to Lorentz transformation, it is a light-travel effect.

(8.1)

Bapp =

Relativistic Doppler effect. For two photons emitted by a relativistically fast (but subluminal) source,
emission interval can be calculated in the co-moving reference frame denoted with O’ (to distinguish it from
the observer reference frame ©). The Lorentz transformation from O’ to O gives Aty = I'(AtL,, +5-A7).
However, since A7 = 0 (the source is at rest in its co-moving frame), this yields At) = At.n/T. Note
that the relation between co-moving emission interval (At.,,) and the interval observed in O (Ats) implies
the frequency transformation or the Doppler effect:

Vobs . Atlcm . 1
Vi Atops  T(1— 3cosOobs)

em

=D, (8.2)

where D is the relativistic Doppler factor. For the characteristic viewing angle that maximizes 3.y, (cos Oobs =
B) one has D = 1/[['(1 — 3?)] = I. Moreover, for f,,s < arcsin(1/T) (known as the Doppler cone) one
has D > T, with the maximum value D = (1 + 5)I" < 2T for §,ps = 0. Outside the Doppler cone, for
Oobs > arcsin(1/T'), one has D < T'. For 6,,s = 7/2 one has D = 1/T', and for f,,s = 7w one has
D=1/[(1+p)] > 1/(2I).

In case that both 3,,, and D are independently determined (which has been achieved for a substan-
tial sample of blazars; see Hovatta et al. 2009), Egs. (8.1) and (8.2) can be reversed, yielding explicit

expressions for the Lorentz factor and viewing angle:

D2 + B2, + 1

. (8.3)
2B
tan eobs ngp—l . (84)
app

Relativistic luminosity boost. Another important effect of relativistic motion is the relativistic aberration.
This can be expressed as the transformation of the solid angle from the co-moving frame of the emitter to
the observer frame AQ,,s = AQ.  /D?. The viewing angles within the Doppler cone in the observer frame

(sinfons < 1/T) receive all signals emitted in the co-moving frame at 6/, . < 7/2. Relativistic aberration, in
combination with the Doppler effect, implies a very strong amplification of the radiation intensity I,,. Invoking
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a fundamental invariant Il,/y3 = const, the intensity transformation is I, obs = D3I;7em, and likewise is the
transformation of apparent luminosity spectrum L, = 4rd? I,,, where dy, is the luminosity distance. The
bolometric luminosity L = [ L, dv o v* transforms like Lo,s = D*L.,. This means that for a typical
blazar with D ~ " ~ 10 the apparent luminosity of radiation produced in the jet is boosted by factor 10%.

This makes blazars a very special class of AGN.

9 Formation of relativistic jets

Relativistic jets are thought to be rooted in a rotating magnetosphere including poloidal magnetic fields.
The essential axisymmetric stationary force-free model based on Keplerian accretion disk in Newtonian
gravity has been formulated by Blandford (1976) (see also Lovelace 1976). Rotation of the poloidal fields
induces perpendicular electric fields in the poloidal plane. A magnetosphere populated by dilute ionized
plasma will redistribute electric charges by electric currents in order to satisfy the force-free condition f1, =
pE + (j x E)/c = 0. As the particles are constrained to move along the magnetic field lines, one expects
poloidal electric currents to generate toroidal magnetic fields (allowing the particles to rotate subluminally
beyond the light surface). The toroidal magnetic fields with the perpendicular electric fields produce a
poloidal Poynting flux that depending on the geometry of poloidal magnetic fields may be directed outwards
(away from the accretion disk plane). This poloidal Poynting flux drives the electromagnetic outflow that
eventually becomes a collimated relativistic jet.

Blandford & Payne (1982) showed that even cold outflows can be driven from accretion disks centrifu-
gally along the poloidal magnetic field lines making an inclination angle with the accretion disk plane less
than 60° (see Problem 7; in the Kerr metric this critical inclination angle approaches 90° at the innermost
stable circular orbit - ISCO - in the limit of maximum black hole spin a — 1, Cao 1997).

The model of rotating force-free magnetosphere has been extended to General Relativity in the famous
work of Blandford & Znajek (1977) (BZ). Using the Kerr metric, they considered two examples of poloidal
magnetic field geometries (split monopole - radial field lines, and paraboloidal) with a net magnetic flux gy
threading the black hole horizon. In the limit of slow BH spin (a < 0.3), they showed that the electromagnetic
power that can be extracted from the BH scales like Pgy  (a®pn/Mgn)? (this has been generalized
to higher spin values by means of numerical simulations and high-order perturbative methods). The BZ
mechanism can be viewed as an electromagnetic version of the Penrose process (Lasota et al., 2014), in
which energy can be extracted from a spinning black hole by dropping particles of negative energy that
can be created in the ergosphere region (Penrose & Floyd, 1971). The plausibility of the BZ mechanism
has been questioned even very recently (King & Pringle, 2021), however, see Komissarov (2022). It is
therefore very helpful that the BZ mechanism has been demonstrated from first principles by means of
general relativistic kinetic numerical simulations (Parfrey et al., 2019).

In the MHD limit, formation of relativistic jets at spinning black holes has been investigated extensively by
numerical simulations. Typically this involves a geometrically thick accretion flow of weakly magnetized gas
carrying vertical magnetic fields. The jets stand out as bipolar regions of very low gas density and strong
poloidal magnetic fields, with the vertically extended gas providing a pressure support to collimate the jets
(e.g., Barkov & Komissarov, 2008). With advances in numerical resolution, it has recently been demon-
strated that even geometrically thin accretion disks can produce collimated jets (e.g., Liska et al., 2019),
as expected from observations of radio-loud quasars. Since the BZ jet power scales with the magnetic flux
dpy crossing the BH horizon, it has been numerically demonstrated that pressing a sufficiently large ®py
allows to achieve jet power exceeding the rest-mass energy accretion rate P, > M,eoc? (Tchekhovskoy
et al., 2011). At large &y values, the magnetic field pushes the accretion flow away from the BH, forming
a magnetically arrested disk (MAD) (Narayan et al., 2003). There is, however, an upper limit on the value of
dpy, above that limit magnetic reconnection in the equatorial plane of the Kerr metric disconnects excess
magnetic flux from the BH, ejecting asymmetric magnetic bubbles along the jet boundary (Ripperda et al.,
2022).
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9.1 Acceleration of jets

Acceleration of jets to relativistic bulk velocities can be considered as a separate physical process. In the
simplest terms, the process involves conversion of relativistic magnetization ¢ > 1 to a high Lorentz factor
I" > 1. This process cannot be investigated in the force-free approximation (in which ¢ — o0), but can be
investigated in the ideal MHD regime. Acceleration along poloidal streamlines cannot involve poloidal mag-
netic fields, which contribute tension force that acts to pull plasma back onto the black hole. However, the
pressure of toroidal magnetic fields (produced from the poloidal fields by shear due to differential rotation)
can do the job (Davis & Tchekhovskoy, 2020).

Acceleration of jets can be studied using stationary conservation laws. Conservation of energy along
the velocity vector 5 can be written as 7% = T2(1 + ¢/)w’3* = const, where the prime indicates the
co-moving frame, and ¢’ = B'?/(4ww’) is the co-moving magnetization. Together with the conservation of
mass (continuity equation) I'p’ 3" = const, this makes the Bernoulli’s equation

TOi w' w'
g =TT =y
where we introduced the Michel parameter ;. = T'(1 4 o). This relation shows that ¢’ > 1 can indeed be
converted into I' >> 1. However, how exactly this happens is governed by the conservation of momentum,
which involves a complex relativistic MHD stress tensor 7% = const. This is the hard part of the problem
of acceleration of relativistic jets, to which unfortunately there are no analytic solutions. It can be solved
using complex semi-analytical models (e.g., Li et al., 1992) or full numerical simulations. Relativistic MHD
simulations demonstrated that efficient acceleration (conversion of magnetic to kinetic energy) may occur
even in uncollimated outflows initiated with radial magnetic fields (split monopole) (Tchekhovskoy et al.,
2009). Such conversion is largely complete (¢’ ~ 1, beyond which the conversion becomes much slower)
by radial distance r ~ 105 R,, and it results with a broadly collimated jet with opening angle § > 1/T, typical
for gamma-ray burst afterglows. On the other hand, when collimation by external pressure is imposed on
the outflow with paraboloidal magnetic fields (e.g., by using closed outer boundaries), the conversion is
faster (r ~ 10®R,), resulting in a tightly collimated jet with opening angle 6 < 1/T', typical for blazars and
radio galaxies (Komissarov et al., 2007).

The region of the jet where it undergoes active acceleration can be described as the acceleration-
collimation zone. This zone ends where ¢’ ~ 1, and the magnetic fields are roughly in equipartition with the
plasma (which means comparable energy densities uf; ~ u.). It is presumed that at this point the jets may
become turbulent and dissipative, accelerating particles that produce non-thermal emission that dominates
the spectral energy distribution of blazars, this region can be described as the blazar zone. The location of
the blazar zone can be constrained from the characteristics of blazar emission to distances ~ 103 — 10° Ry,
which typically corresponds to ~ 0.03 — 3 pc (Nalewajko et al., 2014). The dissipation mechanism is difficult
to determine, since both shock waves and magnetic reconnection may produce similar radiative signatures
(Sironi et al., 2015).

= const, (9.1)

9.2 Instabilities in magnetized jets

The presence of toroidal magnetic fields may destabilize jets, in analogy to the laboratory experiments
on magnetically confined plasmas (tokamaks) (Kruskal & Schwarzschild, 1954). Although the jets are
presumed to be initially dominated by poloidal magnetic fields, as they expand in lateral radius R, the
toroidal field strength scales like B, o R~!, decaying more slowly than the poloidal field strength (B,,
R~2), hence the jets are expected to eventually become dominated by toroidal fields and hence unstable.
It has been argued that such instabilities are inevitable in relativistic jets, enhancing the dissipation of their
magnetic energy (Giannios & Spruit, 2006).

Toroidal magnetic fields may be balanced in unstable radial equilibrium by poloidal fields or by the gas
pressure. The corresponding instability modes are known as current-driven or pressure-driven, respec-
tively. In the case of current-driven instability, the fastest growing mode is the kink (m = 1) that deforms
jets along a helical pattern. The development of instabilities in magnetized jets has been investigated by
various numerical simulations (e.g., Mizuno et al., 2009, in relativistic MHD). Recently, such instabilities
have also been investigated by means of kinetic (particle-in-cell) numerical simulations, both in the case of
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gas pressure balanced equilibrium (Alves et al., 2018), and in the case of poloidal field pressure balanced
equilibrium (Davelaar et al., 2020). Both of these studies demonstrated that such instabilities result in ef-
ficient particle acceleration. My student José Ortuio-Macias performed a follow-up study (Ortufio-Macias
et al., 2022) using a generalized equilibrium configuration bridging the gas pressure balanced and poloidal
field pressure balanced cases. We confirmed the results of these previous works that particles can be
accelerated rapidly until they reach the confinement energy limit vi;,, = eBoRo/mc? (where Ry is the jet
radius at which the toroidal field peaks at By strength), and demonstrated connection with rapid dissipation
of toroidal field flux.

10 Accretion

Accretion is the inwards transfer of matter onto a central object, which can be a protoplanet, star or compact
object, including a black hole. Accretion requires an outwards transfer of angular momentum, i.e., a viscos-
ity. Molecular (Spitzer) viscosity is highly insufficient, which has been recognized already by Lynden-Bell
(1969) and Shakura & Sunyaev (1973), who both suggested a fundamental role of magnetized turbulence.
However, a specific mechanism of magnetically mediated viscosity has not been recognized until the work
of Balbus & Hawley (1991), who re-discovered (after Velikhov (1959) and Chandrasekhar (1960) in the
context of Couette flow experiments) the magnetorotational instability (MRI) (see Section 10.1 for details).

Observational evidence shows that some accretion flows are accompanied by the production of rela-
tivistic jets. We have seen that a key ingredient for the emergence of jets is the poloidal magnetic field.
The origin of poloidal fields in accretion flows is an interesting problems. Two alternatives have been
considered: (1) that poloidal fields can be transported inwards (advection), (2) that poloidal fields can be
generated locally (dynamo).

In the local picture of resistive MHD, fields can be dragged inwards if they are sufficiently well frozen
into the gas to resist diffusion outwards. The condition for efficient field dragging can be expressed in terms
of a dimensionless parameter D = (R/H)(n/v) < 1, where H is the disk half-thickness at radius R, 7 is
the magnetic diffusivity, v is the kinematic viscosity (note that /v = P! is the inverse magnetic Prandt|
number) (Lubow et al., 1994). Incidentally or not, this parameter also determines the field line inclination
angle tanf ~ 1.5/D, and the condition for efficient field transport coincides closely with the condition
for magnetocentrifugal extraction of angular momentum in the Blandford & Payne (1982) mechanism. An
alternative picture has been proposed, in which the poloidal magnetic flux can be transported through the
corona, connecting the black hole horizon with outer disk regions by elongated loops (Beckwith et al., 2009).

Can poloidal field be generated locally? Note that toroidal field can be readily created from the poloidal
field by means of velocity shear due to differential rotation (the €2 effect) that is inevitable property of accre-
tion flows. Successful dynamo theories suggest that the most likely mechanism for generation of poloidal
field from the toroidal field is the « effect that utilizes a turbulent electromotive force. Such a2 dynamo has
been recently demonstrated in global numerical simulations of accretion flows initiated with purely toroidal
magnetic fields (Liska et al., 2020). The most spectacular aspect of this demonstration is that a powerful jet
is launched from the dynamo-generated black hole flux, sustained on the time scale of at least ~ 10° R, /c.

Accumulation of significant magnetic flux on the central object can modify the accretion flow (and power
relativistic jets, as discussed in Section 9). An influential model for such modification is known as the
magnetically arrested disk (MAD) (Narayan et al., 2003), somewhat similar to a much earlier model of
Bisnovatyi-Kogan & Ruzmaikin (1974). The MAD model postulates that an accretion disk can be ‘arrested’
at a finite magnetospheric radius, below which extends a regular magnetosphere dominated by poloidal
magnetic field. That model was motivated by the results of non-relativistic resistive MHD 3D numerical sim-
ulations of Igumenshchev et al. (2003) of limited resolution, injecting magnetic flux through the boundaries.
Subsequent GRMHD simulations of thick accretion flows onto black holes suggest a slightly different pic-
ture, in which the accretion flow is not ‘arrested’, but rather ‘choked’, hence called the magnetically choked
accretion flows (MCAF) (McKinney et al., 2012). The key difference is that in an MCAF almost all of the
ordered poloidal magnetic flux of the magnetosphere forming the base of the relativistic jets is connected
to the BH horizon, while in a MAD part of this flux crosses the equatorial plane. Simulations also show that
strongly magnetized accretion flows are highly non-axisymmetric, and the interface between gas-dominated
accretion flow and the magnetosphere develops spiral substructures that significantly complicate the picture

40



(e.g., Ripperda et al., 2022).

Toroidal magnetic fields are increasingly recognized to be an important ingredient of geometrically thin
accretion disks, in particular they offer a potential solution to the problem of various instabilities (thermal,
viscous, fragmentation) that menace the standard accretion disk models (Begelman & Pringle, 2007). Some
of these predictions have been confirmed by numerical investigations using global 3D radiative GRMHD
simulations (e.g., Sadowski, 2016). Toroidal fields also have an interesting effect on the MRI: relatively
weak fields suppress it, but sufficiently strong fields promote the growth of new modes (Das et al., 2018).

10.1 Magnetorotational instability (MRI).

An accretion disk threaded by weak vertical magnetic field develops unstable axisymmetric modes including
perturbation of radial velocity. A domain of negative (positive) radial velocity propagates inwards (outwards)
and has its specific angular momentum reduced (increased) even below (above) the Keplerian value at the
new radius. This situation means a positive feedback for radial displacement and a redistribution of angular
momentum, hence an effective viscosity.

Derivation of the MRI dispersion relation. Consider two background components of magnetic field:
vertical By .(r) and toroidal By ,(r, z). The background current density is thus

2 Cc |:_8B0,¢ _830,2 B07¢> +6B0,¢:|

Jo = (10.1)

Ar 8z 7 or ' r or
and the background Lorentz force density is
- jo x B 1. . ) .
IBo = JOTO = [jo.6Bo,= — Jo,=Bo,¢» —Jo,r Bo,z; jo.r Bo.g] =
1 B2) 2Bj B o(B?
= _8( 0) _ o,¢723025 0,¢7_ ( 0,¢>) (10.2)
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The background equilibrium is:
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where Qg = vy 4/r is the orbital frequency. For simplicity, we will assume that 0. By 4 = 0, i.e., that toroidal
field is not vertically stratified, and that 0, B, . = 0. This defines the gravitational acceleration vector:

1 0P, 1 d(B§ ) 235¢
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The linearized current and Lorentz force densities:
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The linearized Euler equations:
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The linearized induction equation under incompressibility:
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The short-wavelength approximation. |k,|, |k,| > 1/r
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Combining the r-momentum equation multiplied by k., with the z-momentum equation multiplied by —&,.,

we eliminate the P; terms:
oPy _, om
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We have thus eliminated the dependence on By 4.
Substituting B, - and B ., introducing the vertical Alfven velocity v3 , , = Bg . /4mpo, rearranging and
multiplying by —iw/k.:

ki OP,
Zkzw <Ul,r - kZULZ) — 2]529()’017(1) = (kzaro — k aaio> 1
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Eliminating vy 4, using the ¢-momentum equation with substituted By 4, and introducing @? = w? —
k2v3 ., and the (squared) epicyclic frequency Q. , = 290(2Q0 + r):
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where k? = k2 + k2. Finally, rearranging and multiplying by (k2 /k?), we obtain the dispersion relation:
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In case of no vertical stratification (0,pp = 0 and 9, Py = 0) and k,. = 0, the dispersion relation simplifies
to:

P/ /

ot - (920 + gg’o) P —A2k23,, = 0. (10.36)
0

Let us denote O3y, = ngg/pg, the Brunt-Vaisala frequency. The solution is given by A = (Q2_, +
Oy o) + (169Q3)k203 0 w? = (2.0 + Ny o — VA)/2+ k%i o Denoting Q2. , + Q3 o = 023 and
x? = k203 /%, this becomes w?/Qf = (£ — /€2 + 1622)/2 + 2

The simplest case of MRI. Consider the limit of no vertical stratification (0, X, = 0 for any background
parameter Xj), cold gas (P, = 0, hence Q3 v,0 = 0) and k, = 0. The MRI dispersion relation (Eq. 10.36)
simplifies to:

— Q2 @° — AQk20R o, = 0. (10.37)
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Figure 6: Solutions to the MRI dispersion relation (Eq. 10.37) for a cold unstratified Keplerian accretion
disk.

In the hydrodynamic limit of By , = 0, we have va o, = 0 and & = w, and the dispersion relation reduces
to (w? — Q2. )w? = 0. A hydrodynamic disk is stable if Q2. ;, > 0. A Keplerian disk has € o 7~%/2, hence
Q2. o = QF, it is thus stable.

In the case of Keplerian disk with weak vertical magnetic field (B . # 0), solutions to Eq. (10.37) are
shown in Figure 6. The red line shows a branch of solutions that are unstable (w* < 0) for 0 < k223 ,,, < 3.

The fastest growth rate with w® = —(9/16)Q5 occurs for k2v3 , , = 15/16.

11 Dynamo

In the context of magnetic fields, dynamo is a mechanism of amplification of non-zero magnetic fields using
the kinetic energy of plasma motions. Such process can operate in the MHD regime. A mechanism of
generation of magnetic fields from zero strength is termed the battery, it requires departing from the MHD.

In this lecture (see the Phenomenology notes), dynamo has been mentioned in very different contexts:

e planets (including the Earth), supporting their magnetospheres against diffusion and polarity rever-
sals;

e low-mass stars (including the Sun), explaining their activity cycles with polarity reversals;
o spiral galaxies (including the Milky Way), explaining their globally ordered fields.

It is probably not a coincidence that we evolved on the planet orbiting the star within the galaxy that all
operate dynamos.

Dynamos have also been proposed to operate in the accretion disks, for which it is a hypothesis for the
origin of poloidal fields that launch relativistic jets; and also in proto-neutron stars during a supernova, for
which it is a hypothesis for the origin of the extremely strong fields of the magnetars (Duncan & Thompson,
1992).

Stretch-twist-fold-merge (STFM). An influential heuristic model of a dynamo cycle has been proposed
by Zeldovich (Zeldovich, 1983). The cycle begins from a single closed loop of magnetic flux (Figure 7).
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Figure 7: The stretch-twist-fold-merge (STFM) dynamo cycle proposed by Zeldovich (1983). Credit: MPIfR.
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First, plasma motions should stretch the loop to double length, doubling also the field strength but preserv-
ing the magnetic flux. Second, plasma motions should twist the loop to a figure 8 shape (with two smaller
loops), preserving the length, field strength and magnetic flux. Third, plasma motions should fold the two
smaller loops into one, effectively doubling its magnetic flux. Finally, a local reconnection of magnetic field
lines would merge the two smaller loops into one that would have double the field strength and magnetic
flux compared to the initial loop. The STFM cycle was proposed as an elementary ingredient of a turbulent
dynamo in the kinematic regime which is dominated by the kinetic energy of plasma (backreaction of mag-
netic field on the plasma is not important) and magnetic diffusivity n is small (diffusion is required locally

for the merge step, but the growth rate of magnetic energy should be independent of n — the fast dynamo;
Childress & Gilbert 1995).

Local change of magnetic energy density. The rate of change of magnetic field in ideal MHD is ex-
pressed by the induction equation 8,0B = V x (¥ x B). The induction equation is sufficient to describe
problems where a given velocity field affects the magnetic field, but the magnetic field does not affect the
velocity field, such limit is known as the kinematic dynamo. Expanding the curl of vector cross product
yields the following form:

0B S\, (L =2\=3 =/(=

Ez(B-V)v—(v-V)B—B(V-v). (11.1)
1he three RHS terms have the f9||owing meaning: (1) velocity shear along B; (2) transport (advection) of
B along v; (3) compression of B due to velocity convergence. The change of B corresponds to a change
of the magnetic energy density ugp = B?/(87) = (B - B)/(87), the evolution which can be expressed as:

8UB g 8§ 1 — - = = B2 -
b = = B.(B. )"_(". )7_32( .") ) 112

ot dr Ot 4w [ V)iV 2 Vv (11.2)
The three terms in the square bracket represent the contributions from shear, transport and compression,
respectively.

Example: sheared velocity field with uniform magnetic field. Consider a sheared velocity field v =
vz (y)é,. The only non-zero velocity gradient is d,v,, assume that it has a positive constant and uniform
value. The shear term of the induction equation is (E . ﬁ)ﬁ = B,(0,vs)é, and the corresponding magnetic
energy growth term is B, B,0,v,/(4m). The presence of constant uniform B, > 0 will induce the growth
of B, (t) = B,(0,v;)t > 0. The velocity field has no divergence, hence the compression term is zero. The
transport term is also zero, since the magnetic field is uniform at all times.
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Example: uniform velocity field with non-uniform magnetic field. Consider a uniform velocity field
7 = v,é,. The transport term of the magnetic energy density evolution equation is —v, (9, B2)/(8w). The
shear and compression terms are zero due to uniform velocity. Magnetic energy density increases by
transport in the regions where magnetic energy gradient is opposite to the velocity vector.

Example: converging velocity field with initially uniform magnetic field. Consider a converging ve-
locity field ¥ = v, (z)é, with uniform negative divergence 9,v, < 0, assume also that B = [Bz, By, 0]. The
compression term of the magnetic energy density evolution equation is —B?(9,v,)/(47) > 0, hence the
magnetic energy density grows everywhere. The shear term B2(d,v,.)/(4r) < 0 is actually negative, and
it cancels out partially with the compression term. The transport term —uv, (9, B?)/(8~) is zero initially and
henceforth, since the B-field remains uniform. The net magnetic energy growth rate is the sum of com-
pression and shear terms — B (d,v,,)/(47) > 0. Converging velocity field amplifies only the perpendicular
magnetic field component.

Amplification of axisymmetric fields. Motivated by the evidence for dynamos in axisymmetric bodies
such as the Earth or the Sun, consider a magnetic field structure with axial symmetry in cylindrical coor-
dinates (r, ¢, z) (slightly simpler than spherical coordinates). Such magnetic fields can be decomposed
into toroidal and poloidal components B = Byo + E?p, where ¢ is the unit vector along the ¢ coordinate.
The poloidal component Ep = B, 7 + B, Z can be represented by the toroidal component of a magnetic
vector potential Ep =V x (Ag q@). If both B, and A4 are independent of ¢, the Gauss’s law for magnetism
V - B = 0 is satisfied automatically. A

Consider how a given azimuthal velocity ¥ = v4¢ affects the toroidal magnetic field B4. Assume that
vy = 1 Q(2), where Q(z) is the angular velocity that allows for an axially differential rotation dQ2/dz # 0.
The azimuthal induction equation includes the shear and transport terms (not that V - # = 0, hence there
is no compression term):

0By = [(éﬁ)ﬁh - @ ﬁ)éh . (11.3)

Both RHS terms are material derivatives that in any curved coordinates need to be carefully calculated:

~ B,»’U¢

0B, = [(ByPund] - i

dz

_ B . eves] _
—r {(Bp : V)7¢L — B, (11.4)

r

The RHS is a source term for the growth of By4. This source term includes a combination of differential

rotation with poloidal magnetic field. This represents the €2 effect for generation of toroidal magnetic field.

For example, differential rotation is evident in the Sun, not only on the surface, but also across the convective

zone (see the Phenomenology notes), hence the 2 effect is an important element of the solar dynamo.
Next, consider the axial component of the induction equation:

8B, = [(§~§)ﬁ] - [(5-6)1?}2 . (11.5)

It turns out that for v, = 0 and 9, B, = 0 both RHS terms vanish, hence the vertical magnetic field cannot
be induced under the adopted assumptions. This means that the expected loop B, — B4 — B, cannot
be closed. This is the simplest case of the Cowling’s antidynamo theorem (Cowling, 1933) that historically
had been a serious obstacle to developing dynamo theories.

Mean-field electrodynamics. A solution to the problem of generating poloidal fields from the toroidal
fields has been proposed by Parker (1955). This solution involved vertical motions of convective cells that
in a rotating body are twisted by the Coriolis force into ‘cyclones’. Such small-scale motions break the
axial symmetry of the velocity field. Both the velocity field and the magnetic field can be decomposed
into globally symmetric mean fields v, B, and small-scale (possibly turbulent) fluctuations oy, By, so that
v = 9y + 07 and B= BO + B;. Such decomposition is not linearization, i.e., the amplitudes of ¥; and B, do
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not need to be small, but these fluctuations should vanish upon averaging over a sufficiently large volume,
leaving (¥) ~ ¥ and (B) ~ By. Applying such averaging to the induction equation:

8(Bo) = V x {(d + @) x (Bo + B1)). (11.6)

Assuming that (7 x §1> + (¥ x §o> = 0, one obtains:

—

Oi(Bo) =V x (@) x (Bo) + (71 x B1)) . (11.7)

The second RHS term & = <171 X §1> is called the mean turbulent electromotive force. The simplest form
of this force is &; = oz,»j<Bo>j, where a;; is a symmetric tensor. With this, the mean-field induction equation
becomes:

0(Bo) =V x (@) x (Bo) +a(By)) - (11.8)

The second RHS term now represents the a effect from correlated small-scale fluctuations. Let us apply
the mean-field induction equation to the problem of dynamo in axisymmetric mean fields. lts axial and
toroidal components become:

0(B.) = 10, (ra(By)) . (11.9)
dQ

0(Bs) = (B.) — 0 (a(B.)) . (11.10)

Three regimes of the axisymmetric mean-field dynamo are usually distinguished:
e af) dynamo (e.g., stars), when the r(B. )(d$2/dz) term dominates the toroidal component;
e a? dynamo (e.g., planets), when the 0, («(B.)) term dominates;

o o2Q dynamo (e.g., galaxies), when these terms are comparable.

Biermann battery. We have remarked that the problem of battery, obtaining o,B # 0 when B =0,
requires a departure from the MHD regime (even resistive). A more general plasma regime is the two-fluid
plasma, where both electron and ions can be treated as fluids, but not strictly coupled. The dynamics
of the electrons fluid can be characterized by a balance of Lorentz force and pressure gradient f, =
—ﬁPe — eneE = 0. Using the ideal gas law P. = n.kgT., one can use that force balance to express the
electric field E = — (kg /en.)V (n.T.). Substitute this to the Maxwell-Faraday equation:

ij(i”) < (V7.) . (11.11)

Magnetic field can thus be generated when the electron density gradient is misaligned with the electron
temperature gradient. Biermann battery is being considered as a potential mechanism for generating seed
magnetic fields in the young Universe, before the onset of dynamos in the first stars and protogalaxies (for
review see Durrer & Neronov, 2013).
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A Problems
Problem 1 (magnetic mirror). Consider the case of VB I B. What may happen to a charged particle?

Two suggestions: (1) solve particle motion along B by linearizing about uniform gyration, (2) prove that
p = v? /B is invariant, what is the implication?
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Solution to Problem 1. Consider a non-uniform magnetic field B, = By + Bi(x/L) with |B;| < By.
In order to satisfy the Gauss law, we assume that 9,B, = 0.B, = —(1/2)0,B, = —B1/2L, hence
B, = —Byy/2L and B, = —Byz/2L. Let Q1,0 = qBo/(ymc?) and Q1 = (B1/Bo)S 0. The equations
of motion are the following:

. Q1.0 . . Q11 ) .

= ~(B.i1— B = —(— .
T Bo (B.y vZ) 51 (—zy + y2) (A1)
g = Bi;o (B2 — B,%) = Q0% + 212/1 (z& + 2z2) (A.2)
Ny QLo ) . oo Qg .
3 = By (Byt — Byy) = —Qr 0y — > (y& + 2x9) (A.3)

Let us linearize the particle trajectory i = 7 + 71, such that  is a solution in the By = 0 limit: zo = v 4,
Yo = RL’() Sin(QL’()t), 20 = RL,O COS(QLy()t). The linearized equations are:

2

. Qp1 . . R{ o
~ = (— = —Qno L1 —= A4
1 o7, (—20%0 + YoZo) LoML1 57 (A.4)
Y1 ~ QL’Ozl —+ L1 (Z()SUO =+ 2.’L‘QZO)
2L
. R .
= QL,OZI =+ QLA,lUO,:p 220 [COS(QL()t) - Q(QL70t) sm(QLOt)] s (A5)
21 o~ —Qroy— %(yo% + 220%0)
. R .
== _QL,Oyl - QL,IUO,x%[Sln(QL,Ot) + 2(QL)0t) COS(QL)ot)] . (AG)
A solution for xy is:
Qu1 RE 9
== = (Qr, ot
m =g (o) (A7)
with a parabolic dependence on time.
For 41 and z; one can find the following solution:
QL1 R O, 0t)?
Uy = ﬂﬁvo’m —w Sin(QL’ot) + (QL’ot) COS(QL’Ot) (A.8)
Qro 2L 2
01 R O, 0t)?
21 = ﬂ L,0 V0. —(QL ot) Sin(QLAot) — w COS(QL ()t) (Ag)
Qro 2L 7 ’ ’ ’
The linearized parallel equation of motion can also be written as:
2 B 2 0B, 2 1dB
by~ L S ~_ YL 2 85 (A.10)

Since the particle energy is conserved, we have:

2 4 2
0 (v +vj) _ d(v?) 49
dt dt I

dvj d(wi) wvidB _ ,dn(w}/B)

dt C dt Bdt YT at (A1)

hence v? /B = const. Introducing the pitch angle such that v; = v sin a, we have sin? «a/B = const (since
v = const, hence By.x = B/ sin? « is the maximum field strength to which a particle at local B, o can
penetrate, and upon reaching such a mirror point it would be reflected. The parallel force Fy, | = mo) ~
—uV B is called the mirror force®, with ;1 = mv? /2B called the particle magnetic moment or the first
adiabatic invariant.

8Note that VB = VB, with contributions from B, of the second order.
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Problem 3 (magnetic braking). Consider a thin ring of radius R centered in cylindrical coordinates
(r, ¢, z) of conducting plasma rotating with angular velocity § = 2 and threaded by an axisymmetric
magnetic field B = [Br(r), B(r),0]. By considering how § changes due to the torque exerted by the
Lorentz force, derive an expression for the magnetic braking time scale ¢, = Q|d2/d¢| .

Solution to Problem 3. Torque or the moment of force is defined as 67 = 7 x §F = d(5L)/dt, where
6L = Q61 is the angular momentum element for an moment of inertia element 61 = 2 § M with rotating
with angular velocity ) = (7 x #)/r2. We introduce a torque density 7 = 67 /6V = 7 x f = dI/dt, where
I'=0L/5V is the angular momentum density.

Under axial symmetry, & = Q2 = (v,/r)2 = (27/P)Z, hence its variation is driven by the vertical
torque component 7, = dl, /dt = pr?(d§2/dt). The braking time scale is tq = Q|dQ/dt|~! = pvgr/|7.|.

Vertical torque density due to Lorentz force is 11, , = —7 f1 ¢.

The Lorentz force density in ideal MHD:

i = i(é-ﬁ)é—iﬁ(fﬁ). (A12)
4 8

For the toroidal component fi, 4, axisymmetry ensures that the second term (magnetic pressure gradient)
vanishes, leaving only the first term (magnetic tension).

For B, = 0 one finds:

B, O(rB
foo = —= (gr¢), (A.13)

4rr

i.e., the toroidal Lorentz force is the tension of the radial field line. The vertical torque density becomes:

B, 0(rBs) [8(TB¢)/37“} B? (A.14)

Loz 47 or B, 4’

where B2 /(47) can be identified as the enthalpy density of radial magnetic field, and the square bracket is
a dimensionless measure of field line curvature.
The braking time scale becomes:

ver B,
BZ/Amp | O(rBy)/0r

pUST ‘ B,
to =

Vg 2 P
= — A.15
d(rBg)/0r (vA,r> 27’ ( )
where va » = | B, |/+/4mp is the Alfvén velocity corresponding to the radial magnetic field. The braking time
scale is thus shown in relation to the orbital period P, which is a natural time scale in this problem.

|72

Problem 4 (magnetic helicity). Magnetic helicity is defined for a system of volume V' as the integral
H = fV (/T~ E) dV, where A is the magnetic vector potential. Calculate d#/dt in the regime of resistive

MHD in terms of B. Assume that potentials ff, ¢ vanish at the system boundaries.

Solution to Problem 4. We begin by calculating the time derivative of A - B. The time derivative of B is
obtained from the Maxwell-Faraday equation:

OB .
— =-VxUFE. A.16
cot % ( )
The time derivative of A is involved in the expression for electric field in terms of potentials:
oA -
— =—-E—-V¢, A7
vy ¢ (A.17)
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where ¢ is the electric scalar potential. We can now calculate that:
0 (- 5 O0A 5 . OB

— (A- B) = .B1+A.— =
cot ( cOt * cot

The last two RHS terms can be identified as part of a divergence

—E-é—é-%—fi(ﬁxﬁ). (A.18)

ﬁ(ﬁxﬁ—(ﬁ?):E-E—E-W—A-(ﬁxﬁ). (A.19)

Note that the difference between these two RHSs is the sign of E-Bterm. Combining them, one can obtain
the following:

%(g.g)}zﬁ.éw.(gxﬁwé). (A.20)
We can now calculate the derivative of H.:
%‘: %(g.g)dvzc/ {_2E.§+€.(ﬁxﬁ—¢§)}dv. (A.21)
1% 1%

Using the divergence theorem:
%:—%/V(E-é)dwrcﬁv{ﬁ-(ﬁxﬁ—qaé)}ds. (A.22)

The surface integral vanishes, since it was specified that the potentials /YLQS vanish at the boundary.
We now invoke the electric field in resistive MHD E = B x 5+ (n/c)(V x B) to obtain the final solution:

T / (¥ B) - B|av. (A.23)
14

In addition, one can use the quantity called current helicity C = fv (]’- E) dV to write the result as
dH/dt = —(8mn/c)C.

Problem 6 (superluminal shock). Consider a relativistic shock in reference frame O with normal up-
stream velocity #, = [0, 0, v1] in coordinates (z, y, z), and oblique upstream magnetic field B, = By [sin 61, 0, cos 61 ].
Ideal MHD is satisfied both upstream and downstream.

Consider another reference frame O’ moving in O with boost velocity @}, = [vp, 0, 0]. Using the Lorentz
transformation, find what are the conditions to have (1) B, =0, (2) E{ =0.

Consider a particle that can only move along the local magnetic field. Such a particle can easily pass
from the upstream region to the downstream region. In which case is it possible for this particle to return to
the upstream region?

Solution to Problem 6. Let 51 = 1 /c and Eb = ¥}, /c. Let us introduce the boost Lorentz factor I'y, =

(1—B2)~1/2. The upstream electric field in Ois E; = B, x 51 = — By 31 sin 0, Hence, the cross products

of the boost velocity with the upstream fields are Eb xEy = —BpP1 By sin bz and Eb x By = —BpB1 cos 019.
Performing the Lorentz transformation of shock-normal magnetic field:

B, =T, [BLZ - (B’b x El) } — T, B (cos by + BB sindy) . (A.24)
z
Setting Bj , = 0 implies that 3, = —1/(f1tan6;) = —1/8g, where S is the ‘virtual’ speed of the

intersection point of a given magnetic field line with the shock front (not a physical entity).
Performing the Lorentz transformation of the electric field component:

E17y = Fb |:E1,y + (Bb X gl) :| = —FbBl (51 sin (91 + ﬂb COSs 91) . (A25)
Y
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Setting E] , = 0 implies that 5, = —f; tan0; = —fg.

We only admit Lorentz transformations with |3,| < 1. Hence, the condition of £ , = 0 can be obtained
only for |Sg| < 1 (or | tan 6| < 1/81), which is referred to as the subluminal shock. This includes the case
of parallel shock with 6; = 0. The implication is that £/ = 0 and B/ || 3, hence a particle can cross the
shock front both ways.

On the other hand, the condition of Bj , = 0 can be obtained only for |Sg| > 1 (or |tan6| > 1/54),
which is referred to as the super/um/na/ shock This includes the case of perpendicual shock with 61 = 7 /2.
The implication is that B’ L 7', hence a particle that crossed the shock front downstream with its field line
cannot return upstream.

Problem 7 (magnetocentrifuge). Consider an axisymmetric poloidal magnetic field line in cylindrical
coordinates (r, ¢, z): B= Blcos 8,0, sin 0] crossing the z = 0 plane (accretion disk) at = rg, rotating with
Keplerian angular velocity Q2 = G'M/r3 in the gravitational field of a compact object of mass M located at
(0,0,0). Calculate the net force acting on a charged particle of mass m tied to this magnetic field line, a
combination of gravitational and centrifugal forces projected along B, as function of z. What is the condition
for this net force to point away from the accretion disk?

Solution to Problem 7. Our particle is located at (r,0, z) that satisfies r(z) = ro + z/tanf. The
gravitational force is Fy, = (GMm/R3)[—r,0,—z], where R(z) = /r2+ 22. The centrifugal force is
Fo = m2[r,0,0] = (GMm/r3)[r,0,0]. The net force is:

3 3
F=F, +Fy= GMm [(1 TO) 0, —TOZ} . (A.26)

e R3 R3

The net force along B = [cos 6, 0, sin 6] is:

A Mm 3 z
FoB==4 {rcoso—m(rocoswsme)} . (A.27)
In the limit z <« 79, R ~ r and )
L GMm (4cos?0—1
P GMm (dcos ), (A.28)

3
o

Forsin® > 0, F - B > 0 for | cos 6| > 1/2, hence 6 < 60° or 0 > 120°.

sin 0

Problem 8 (black hole field). Estimate (order of magnitude) the magnetic field strength in the immediate
vicinity of a black hole of mass (1) 10M,, (2) 10° M, sufficient to drive a Poynting flux (through the 27ngch
cross section) equal to the Eddington luminosity.

Solution to Problem 8. The Poynting flux (energy flux density) is S = (¢/4x) (E X E). The electric field
strength can be adopted as £ = B ~ B/2, since motions in the black hole vicinity are trans-relativistic
with typical speed 8 ~ 1/2. The total Poynting flux through cross section A is thus:

B2
S~ c—A ~ fBQRsch (A.29)

The Schwarzshild radius can be expressed as Rse, = 2GM/c? ~ 3(M /M) km. The Eddington luminos-

ity is

drGMmye 277Rschmpc3
aT o aT

Equating S ~ Lgaq leads to ¢cB*R%, /4 ~ 21 Rscnmypc® /o, and hence:

8 2 44x108G
B~y e 2R . (A.31)
UTRSch M/M@
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Lgaq = (A.30)
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Figure 8: Problem 7 (magnetocentrifuge). The sign of the net gravitational + centrifugal force ﬁg + ﬁg
projected along the magnetic field direction B as function of the vertical coordinate z /7o and the magnetic
field inclination angle 6. Red color means that (ﬁg + ﬁg) - B >0, i.e., that the net force points away from
the z = 0 plane.

For M = 10M, one obtains B ~ 1.4 x 10® G, and for M = 10° M, one obtains B ~ 1.4 x 10* G (about
one tesla).

This problem can also be approached by using the Blandford-Znajek formula for jet power, which is
Ppz o ke(a®pn/Rsan)? (missing a constant factor) for moderate black hole spin values a < 0.5. This
formula includes a geometric parameter k that can be adopted as 1/6 for the split-monopole geometry of
magnetic field lines. Adopting a simplified magnetic flux crossing the black hole ®py ~ AB ~ 27ngchB,
one can show that Pgz o (87/3)a?S.

Problem 9 (extragalactic magnetic field). Certain blazars have SEDs extending beyond TeV photon
energies. These gamma-ray photons interact with background radiation, producing electron-positron pairs.
Consider an electron of energy E, = ym.c? = 1 TeV. Such electron is subject to radiative cooling
due to inverse Compton (IC) scattering of the Cosmic Microwave Background (CMB). The cooling rate is
dy/dt = —(4o1/3mec)y?ucms, Where ucnvs ~ 0.25 eV /cm? is is the CMB energy density, and o is the
Thomson cross section. Calculate the cooling length Dic/cmp = ctic/oms = c¢y/|dy/dt|. What is the
magnetic field strength B, for which the Larmor radius of our electron is Ry, = Dic/cmp?

Solution to Problem 9. The electron Lorentz factor is

E, 1 TeV
= _ ~2x10°. A.32
VT T sikey 2 X 10 (A-32)

The cooling length is

cy 3mec?

= ~ 0.4 Mpc. A.33
dor/3mec)y2ucmp  4oryucms P ( )

DicjcmB = (

From the expression for the Larmor radius Ry, = E./eB = Dic/cmB, the magnetic field strength can be
evaluated as g A
B=—c s ~3x107 G, (A.34)
eDicjcmB  3€
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