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MHD shocks

THE SHOCK PROBLEM
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Consider a stationary discontinuity along the z = 0
plane (with a normal vector n ⃗ = [0,0,1]).

A fluid flows from the upstream region 1 (z < 0) to
the downstream region 2 (z > 0): v1,z, v2,z > 0.

Given the upstream fluid parameters, what can be the
downstream fluid parameters?

HYDRODYNAMIC SHOCK
conservation of mass: Γ2v2,z ρ2 = Γ1v1,z ρ1 or [Γvz ρ] = 0.
μ ν
u
u
μν
μz
μν
conservation of energy-momentum: [Tfl ] = 0, where Tfl = w
+
Pg
c2

is the energy-momentum equation for a fluid.

choosing the reference frame where v1,x = v1,y = 0, hence v2,x = v2,y = 0,
leaves us with two non-trivial equations: [Tfl0z] = 0 and [Tflzz] = 0.

adiabatic equation of state: relativistic enthalpy density
w2 = ρ2c 2 + [κ2 /(κ2 − 1)]P2, pressure P2 = Θ2 ρ2c 2, relativistic temperature

Θ2 = kBT2 /mc 2, and adiabatic index 4/3 < κ2(Θ2) < 5/3.
3 equations for 3 variables: v2,z, ρ2, Θ2.

NON-RELATIVISTIC
HYDRODYNAMIC SHOCK
The limit of non-relativistic velocities v1, v2 ≪ c and non-relativistic temperatures
Θ1, Θ2 ≪ 1, hence κ1, κ2 = 5/3.
Shock jump equations (Rankine-Hugoniot conditions):
ρ2v2 = ρ1v1 (mass conservation),
ρ2v22 + P2 = ρ1v21 + P1 (momentum conservation),

ρ2v22 5
ρ1v21 5
+ P2 v2 =
+ P1 v1 (energy conservation).
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Introducing the shock velocity jump, equivalent to the compression ratio: r = v1 /v2 ≡ ρ2 /ρ1;
and eliminating v2, P2 one obtains (r − 4)ρ1v21 + 5rP1 = 0.
Introducing the upstream sound speed vs,1 = 5P1 /3ρ1 and the Mach number M1 = v1 /vs,1,
the result is r = 4M12 /(M12 + 3) and hence P2 /P1 = (4r − 1)/(4 − r).

It can be shown that for r > 1 specific entropy satisfies s2 > s1, and also that M1 > 1 and
M2 < 1: the solution is physical when a supersonic upstream flow converts into a subsonic
downstream flow.

MAGNETIC FIELD JUMP
Magnetic field jump is calculated from stationary source-free
Maxwell’s equations in ideal MHD.

∇ ⃗ ⋅ B ⃗ = 0 → ∂z Bz = 0 → [Bz] = 0
magnetic field parallel to the shock normal is conserved

∇ ⃗ × E ⃗ = 0 → ∂zEx = ∂zEy = 0 → [Bxvz − Bzvx] = [Byvz − Bzvy] = 0
magnetic field perpendicular to the shock normal is compressed
The source Maxwell’s equations allow for the presence of electric
charge and/or electric current of surface densities Σe = [Ez]/4π
and 𝒥y = (c/4π)[Bx], etc.

MAGNETIZED SHOCKS
Let B 1⃗ = (B1,x,0,Bz), B 2⃗ = (B2,x,0,Bz) and v 1⃗ = [0,0,v1,z]
parallel shocks: B 1⃗ , B 2⃗ ∥ n ,⃗ hence B1,x = B2,x = 0. Parallel
magnetic field cancels out from the shock jump equations, which
reduce to the hydrodynamic form.
perpendicular shocks: B 1⃗ , B 2⃗ ⊥ n ,⃗ hence Bz = 0. Perpendicular

magnetic field contributes to the shock jump equations.
oblique shocks: Bz ≠ 0 and B1,x ≠ 0, hence B2,x ≠ 0.

MAGNETIC ENERGY-MOMENTUM TENSOR
consider an upstream magnetic field B 1⃗ = (B1,x,0,Bz)
recall the upstream velocity β 1⃗ = (0,0,β1)
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NON-RELATIVISTIC
PERPENDICULAR SHOCK
Shock jump equations:
ρ2v2 = ρ1v1 (continuity)
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B2,xv2 = B1,xv1 (electric field)
Using r = v1 /v2, they reduce to:

(r − 4)ρ1v21 + 5rP1 + r(r + 5)
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Introducing the upstream Alfvén speed vA,1 = B1,x /

4πρ1 and the Alfvén Mach number
3r
r(r + 5)
= 0 that has only one
MA,1 = v1 /vA,1 results in a quadratic equation r − 4 + 2 +
2
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physical solution for v21 > v2A,1 + v2s,1 ≡ v2FM,1, i.e., super-fast-magnetosonic upstream flow.

RELATIVISTIC
PERPENDICULAR SHOCK
Γ2 ρ2 β2 = Γ1ρ1β1 (continuity)
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RELATIVISTIC
PERPENDICULAR SHOCK
numerical
solutions
in the limit
of cold
upstream
gas
(T1 = 0).

ULTRA-RELATIVISTIC
PERPENDICULAR SHOCK
Consider the limit of Γ1 ≫ 1, hence β1 ≃ 1.
Let r = β1 /β2 ≃ 1/β2, and B2,x = rB1,x like before.
2
Introduce upstream magnetization σ1 = B1,x
/(4πΓ21w1).
Anticipating Θ2 ≫ 1, adopt κ2 ≃ 4/3 and w2 = 4P2.
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ULTRA-RELATIVISTIC
PERPENDICULAR SHOCK
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Hydrodynamic limit (σ1 = 0): r ≃ 3, velocity β2 ≃ 1/3, density
ρ2 ≃ 8 Γ1ρ1, pressure P2 ≃ (2/3)Γ21w1, temperature

Θ2 ≃ (1/3 2)(Γ1w1 /ρ1c 2).

Relativistic magnetization (Γ1 > σ1 ≫ 1): r ≃ 1 + 1/(2σ1), velocity
β2 ≃ 1 − 1/(2σ1), density ρ2 ≃ Γ1ρ1 / σ1 , pressure P2 ≃ Γ21w1 /(8σ1),
temperature Θ2 = P2 /ρ2c 2 = (1/8 σ1 )(Γ1w1 /ρ1c 2).

FERMI PROCESS IN
COLLISIONLESS SHOCKS
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ABSTRACT
We present evidence that relativistic shocks propagating in unmagnetized plasmas can self-consistently accelerate particles. We use long-term two-dimensional particle-in-cell simulations to study the well-developed shock
structure in unmagnetized pair plasma. The particle spectrum downstream of such a shock consists of two
components: a relativistic Maxwellian, with a characteristic temperature set by the upstream kinetic energy of
the flow, and a high-energy tail, extending to energies 1100 times that of the thermal peak. This high-energy
tail is best fitted as a power law in energy with index !2.4 " 0.1, modified by an exponential cutoff. The cutoff
moves to higher energies with time of the simulation, leaving a larger power-law range. The number of particles
in the tail is ∼1% of the downstream population, and they carry ∼10% of the kinetic energy in the downstream
region. Investigating the trajectories of particles in the tail, we find that the energy gains occur as particles bounce
between the upstream and downstream regions in the magnetic fields generated by the Weibel instability. We
compare this mechanism to the first-order Fermi acceleration and set a lower limit on the efficiency of the shock
acceleration process.
Subject headings: acceleration of particles — gamma rays: bursts — shock waves
1. INTRODUCTION

Acceleration of particles in collisionless shocks is at the heart
of most models of nonthermal phenomena in the universe.
Observations of synchrotron emission from astrophysical
sources suggest that collisionless shocks in pulsar wind nebulae
(PWNe), jets from active galactic nuclei, gamma-ray bursts
(GRBs), and supernova remnants can convert a significant fraction of the flow energy into relativistic particles with powerlaw nonthermal spectra. This is usually attributed to the firstorder Fermi mechanism—a process in which particles scatter
between the upstream and downstream regions of shocks to
gain energy (see Blandford & Eichler 1987 for review). Yet,
despite its significance in astrophysics, the Fermi mechanism
has not been demonstrated to work self-consistently from first
principles, and its efficiency and conditions for operation are
not well understood. Most progress in studying shock accel-

power-law tail, and we argue that the acceleration process is
very similar to Fermi acceleration. We are thus able to measure
the efficiency of shock acceleration without any assumptions.
The particular case of unmagnetized relativistic shocks that we
consider here is relevant to the prompt and afterglow emission
from GRBs (e.g., Waxman 2006). This is also one of the
cleanest tests of the shock acceleration theory because, in an
initially unmagnetized flow, all magnetic turbulence has to be
self-generated. In § 2 we describe the simulations and shock
structure, and then in § 3 we discuss the particle acceleration
mechanism.
2. COLLISIONLESS SHOCK STRUCTURE

Collisionless shocks in unmagnetized relativistic flows are mediated by the Weibel instability (Weibel 1959; Medvedev & Loeb
1999; Gruzinov & Waxman 1999), which converts the free en-
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PROBLEM 6:
SUPERLUMINAL SHOCK
Consider a relativistic shock in reference frame 𝒪 with normal upstream
velocity v 1⃗ = [0,0,v1] in coordinates (x, y, z), and oblique upstream

magnetic field B 1⃗ = B1[sin θ1,0, cos θ1]. Ideal MHD is satisfied both
upstream and downstream.

Consider another reference frame 𝒪′ moving in 𝒪 with boost velocity
v b⃗ = [vb,0,0]. Using the Lorentz transformation, find what are the
conditions to have:
(1) B′z = 0,
(2) E ′1⃗ = 0.

Consider a particle that can only move along the local magnetic field. Such a
particle can easily pass from the upstream region to the downstream region.
In which case is it possible for this particle to return to the upstream region?
This problem is worth 5 points. Solutions should be sent as 1-page PDF files to
knalew@camk.edu.pl before the next lecture.

SUMMARY
Shock waves are discontinuities in flows that dissipate
kinetic energy.
Shock jump equations use conservation laws to related
the upstream and downstream parameters.
Magnetic field component parallel to the shock normal is
conserved, the perpendicular component is compressed.
Shock waves can be sites of non-thermal particle
acceleration. Selected particles gain energy by multiple
shock crossings.

