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MHD EQUILIBRIUM 
UNDER GRAVITY

Consider the problem of a static background  under uniform gravitational 
acceleration . 

We add background magnetic field . 

This implies a background current density  

and a background Lorentz force density . 

Magnetohydrostatic equilibrium:  

or   . 

One can assume independent profiles of  and compute . We choose 
exponential profiles such that  and .
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LINEARIZED 
EULER EQUATION

 

 

 

Euler equation, introducing Alfvén velocity : 
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COMPLETE LINEARIZED 
EQUATIONS

Continuity:  

Pressure:  

 

Euler equations: 
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INTERCHANGE MODE 
Let  and  (transverse mode with ). 

The x component of Euler equations implies that . 

 

 

 

 

Lengthy calculations in the  limit result in the dispersion relation: 
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INTERCHANGE MODE 



Dispersion relation for the interchange mode: 

 

In the hydro limit : 

 

Suggests an additional feedback loop.
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PHYSICAL PRINCIPLE

Consider the short-wavelength limit  
with . Since  does not contribute to 
the dispersion relation, consider . 

Recall the basic equations: 
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Fast-magnetosonic loop: 
 

 triggers a horizontal 
fast magnetosonic wave with 

, which triggers 

.  Perturbed 
gravitational force points 
upwards, increasing .
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PHYSICAL PRINCIPLE
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PARKER MODE
Let  and  (longitudinal mode with ). 

The y component of Euler equations implies that . 

   (x component of Euler) 

   (continuity) 

   (pressure) 

 

   (z component of Euler)
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short-wavelength limit : 

 

the RHS is dominated by the last term, which is 
stabilizing. The  term can be traced to the  

term of the  Lorentz force density, where  includes 

the tension term , and  .
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Following Parker (1966), consider isothermal limit  and 
, hence .

 

Eliminate the  term by substituting : 

 

Substituting  and : 
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For unstable solutions ( ), the first two terms would be positive, 
hence the third term needs to be negative: 

 
For  this means . 

In the hydrodynamic limit ( ): 

     : stable for . 

Instability is driven by the  term, which can be traced to the gravitational perturbation , 
with the density perturbation  including the term , 

with the longitudinal velocity perturbation  contributing additional  factor. 
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discrete character of the interstellar gas is self-gravitation of the individual clouds,8 but 
there is the problem that in many cases the cloud masses inferred from the observations 
do not seem to be large enough to maintain the cloud in equilibrium by self-gravitation 
alone (see Kahn and Dyson 1965). For instance, the self-gravitation of a spherical cloud 
with a diameter of 20 pc and a density of 10 hydrogen atoms/cm3 can hold the cloud 
together only if the internal motions are 0.7 km/sec or less. A higher density of 100 
atoms/cm3 can contain internal motions of only 2.2 km/sec. But even the thermal 
velocities are this large, to say nothing of the 10-km/sec motions expected from collisions 
between clouds and from the passage of hot luminous stars through the region. So there 
is some question as to the means by which the apparent identity of the smaller, more 
tenuous, interstellar gas clouds is maintained. The new point arising in the galactic field 
configuration presented in this paper is that the self-gravitation of the individual gas 
clouds is supplemented, in the configuration shown in Figure 2, by the gravitational 
field of the Galaxy as a whole. 

Fig 2.—Sketch of the local state of the lines of force of the interstellar magnetic field and interstellar 
gas-cloud configuration resulting from the intrinsic instability of a large-scale field along the galactic 
disk or arm when confined by the weight of the gas. 

To illustrate the supplement to self-gravitation in a direct way, and to establish that 
the supplement may be large in many cases, consider two parallel, widely separated, 
infinitely long, slender cylinders of gas lying across the horizontal magnetic field and 
supported by the magnetic field in the large-scale gravitational field g. The entire region 
is filled with a tenuous conducting plasma, so that the hydromagnetic equations are the 
appropriate description of the system. To make the problem tractable, suppose that the 
pressure of the tenuous plasma is negligible compared to the pressure and weight of the 
cylinders of dense gas lying across the field. Then V X i? = 0, with B — — VV ^ 
everywhere except in the dense cylinders. The field outside the cylinders has the same 
configuration and stresses as though the space were a vacuum. The solution of this 
hydromagnetic problem may be effected simply by noting that, if m is the mass per unit 
length of each cylinder, then the current I induced in each cylinder by the weight on 
the magnetic field is given by 

IB, 
 — mg. 

c 
8 Alternatively it has been suggested (Savedoff and Spitzer 1950) that the region between clouds is 

filled with hot (Í04 ° K) tenuous (0.1/cm3) hydrogen, whose pressure confines the neutral clouds. 
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SUMMARY

Rayleigh-Taylor instability with  in the 
presence of horizontal magnetic field  has two 
modes: 

interchange mode with transverse wave vector  
mediated by fast magnetosonic waves; 

Parker mode with longitudinal wave vector  driven 
by gravitation of density perturbation (stable in HD) and 
stabilized on short wavelengths by magnetic tension.
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