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MHD EQUILIBRIUM
UNDER GRAVITY

Consider the problem of a static background Vv, = 0 under uniform gravitational

acceleration g = — gZ.

We add background magnetic field ?0 = By(2)x.

> C
This implies a background current density j, = 4—ﬂB(’))A7

and a background Lorentz force density f; = — 7= Z.
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Magnetohydrostatic equilibrium: — VPO +pog + fL,o =0
d [, . B}

or — — | = — gpp.
dz \ "7 8z 8P

One can assume independent profiles of p(z), By(z) and compute Py(z). We choose
exponential profiles such that py = py/4, and By = B,/ Ap.



PERTURBED
MAGNETIC FIELD
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PERTURBED
CURRENT DENSITY
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PERTURBED
LORENTZ FORCE DENSITY
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LINEARIZED

EULER EQUATION
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Euler equation, introducing Alfvén velocity Vi 0= 0 .
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COMPLETE LINEARIZED
EQUATIONS

A .

® Continuity: ooﬂ = — <? : 71> +
Po A

° Pressure: ioP| + v, Py + kP <i k - 71) =0

e Euler equations:
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INTERCHANGE MODE

Let k., = 0 and k, # 0 (transverse mode with kL F)O).

The x component of Euler equations implies that v, , = 0.
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Lengthy calculations in the kvaM 0> @? limit result in the dispersion relation:
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INTERCHANGE MODE

Ficure 1. Instability of plasma supported a,ga,inst gravity by a magnetic field. || | plasma,
.. magnetic field; +, — electric charge; — - electric field; > motion of plasma.

Kruskal & Schwarzschild (1954)



INTERCHANGE MODE

o Dispersion relation for the interchange mode:
2 2
LK Ve, & &
k5 Vem,o A VEmo
° In the hydro limit vgy; o = v, :
2
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o Suggests an additional feedback loop.




PHYSICAL PRINCIPLE

* Consider the short-wavelength limit k, > 1/| 1 |

Approximations:
with {cx = k? = 0. Slflce Ap do.es not contribute to P (g «x 22\ Vi,
the dispersion relation, consider B, = B,/A, = 0. W= = + Viz
0/ 4B A, v V3
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PHYSICAL PRINCIPLE

» Fast-magnetosonic loop:
Vl,z — iVI,y — P1 = Vl,z
vy, > 0 triggers a horizontal
fast magnetosonic wave with

ivy, > 0, which triggers

p; < 0. Perturbed
gravitational force points

upwards, increasing v ..
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PARKER MODEL

° Letk, = 0andk, # 0 (longitudinal mode with % - §0 * 0).

» They component of Euler equations implies that v; , = 0.
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PARKER MODEL

o short-wavelength limit k. > 1/| /lp |

k2 g g
1+ — | w? ~ k2VA0
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» the RHS is dominated by the last term, which is
stabilizing. The k74 o term can be traced to the —j; By, ,

term of the f; , , Lorentz force density, where j; , includes

the tension term —ik,(c¢/4n)B, ,, and B, , = (k,/®)B, v, .



PARKER MODEL

o Following Parker (1966), consider isothermal limit (Vg,o)/ = 0 and
(Vi o) = 0, hence Az = 24,.
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° Eliminate the v/ , term by substituting v, , = exp(ik,z — z/24) &;:
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o Substituting 1, = — [vZ, + (k/2)vy (/(kg) < 0and ;o = Py/(B; /87):
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PARKER MODEL
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For unstable solutions (w? < 0), the first two terms would be positive,
hence the third term needs to be negative:

2(k = D)0+ Bk = 4)B0—-2<0
For x = 5/3 this means f; , < 0.91.

In the hydrodynamic limit (ﬂpl,O — 00):

1
w* — (— + kfz) viw®+ (k— 1)kig?=0 :stableforx > I.
442 v

Instability is driven by the —kf g? term, which can be traced to the gravitational perturbation — 2015
with the density perturbation p, including the term —(k,/@)pyV, ,,
Vl,x ikxg + kxkzvg,O

with the longitudinal velocity perturbation = — 22 > contributing additional &, g factor.
VI,Z xVS,O —

(while the kxkzvgo term cancels out)



PARKER MODEL
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PARKER MODEL

Parker (1966)



SUMMARY

* Rayleigh-Taylor instability with g = — ¢Z in the
presence of horizontal magnetic field ﬁo = ByX has two
modes:

* interchange mode with transverse wave vector k, # 0

mediated by fast magnetosonic waves;

° Parker mode with longitudinal wave vector k. # 0 driven

by gravitation of density perturbation (stable in HD) and
stabilized on short wavelengths by magnetic tension.



