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e Thick, radiatively inefficient accretion flows are classically modelled as constant

angular-momentum equilibrium tori.

e These disks are magnetized, and two physically distinct sources compete:

e a self-generated field, sourced by the disk’'s own poloidal current;
e a large-scale external field of environmental origin.

Open question: when both are present, which one actually shapes the torus and is comparing

field strengths even the right question?

Approach: start from the classical unmagnetized torus and add both components

self-consistently.



Initial model: the neutral relativistic torus

Schwarzschild spacetime (G = c = M = 1):
-1
ds? = — (1= 2)de + (1 2) dr+ r2d6? + r2sin? 0 do?.

Stationary, axisymmetric perfect fluid, rigidly rotating, u* = (ut,0,0, u®).
For ¢ = const, ¢ = fu(/)/ut, V., T* =0 becomes:
Qv
— Vi = VW,
1—- Q¢ p+p
——

=0 for {=const
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‘p+p
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gt2¢ — BttBoo
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For £o slightly above the marginally stable (ISCO) value /15, Wo(r, 5) has a local minimum (torus

Wo(r,0;¢) =In|u| =% 1In

centre) and a saddle (cusp, mass overflow) point.

Trova 2016; Boyer 1965



The Charged Accretion Disc (CAD) model

Equilibrium modified by the Lorentz force (o = 0):
Vip Qvt q
= -Vl + —|— Fi..
p+p N Ju — QU u a

Integrability of the resulting pressure equation requires the charge—to-enthalpy ratio to depend

only on the flux function

QV,E q
Ri=—-Viln|u| + -/ al ml:i/LUM = |0gR: = 0rRy

Hence (¢ = const):

Wen(r,0;0) = Wo(r, 0;€) — k(r, ) [Ag(r,Q) + A‘Z)Xt(r’@)], k(r,0) = ﬁ

Solving the charged case: we impose g = q(As) — minimum of W, — centre, saddle — cusp

— torus morphology.

Kovar et al. 2011, 2014; Trova et al. 2016.



Magnetic field expressions

Internal self-generated magnetic field: External magnetic field: Wald potential for a
current loop heuristic potential of radius rg asymptotically uniform magnetic field
(azimuthal current)
AG = 3By rPsin’ 6.
H_ Brrirsing
Procedure: k(r) depends only on (By, rp). The loop position is iterated, ro < V2 xleurrent),
until the loop sits at the actual torus centre.

Reference run shown throughout: By = 5, Bext = 0.75, o = A fms with A = 1.02.

M. Kolos and D. Kofroh (2025).



Specific angular momentum profile
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Specific angular momentum L in function of r for the neutral and the two charged cases.
Lo = Alms, A =1.02.



Equipotential surfaces
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Equipotentials surfaces and B direction. Left to right: Neutral, Internal field, Internal+External field.
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Effect of the fields on cusp & centre

Cusp and centre displacement across the three

x o Configuration Xeusp [M]  xc [M] Lo
o % i Neutral 4.8500  7.6888 3.7477
Internal only 4.8608  7.6909 3.7423

Internal only 48608 3¢ @799

Internal+External 4.9270 7.9307 3.7293

Internal+External aszr0 ) @707

M=1, rep = 2.0, 'mb = 4.0, rms = 6.0, ZO = Mms,
A=1.02; By =5, Bext = 0.75.




“External only” = Neutral, exactly

e In the external-only case, the field is non-zero, yet the torus is numerically identical to
the neutral one (Ax ~ 1078).

e This is not a bug: k(r) is sourced only by By. If By =0 = k(r) = 0Vr. Therefore
We, = Wo — k(r) [AL + AT = Wo Y Bexs.
~—
=0

e A disk with no current of its own cannot feel the external Wald field in this model.



Robustness & a special sub-case

Sign test: (Bp, Bext) — (—Br, —Bext) leaves the e
torus invariant, as required by the field equations )
(parity check).

Mimicking the neutral configuration: for
By =5, BX,~—0.007, restores the neutral centre
exactly (but not the cusp simultaneously).

A full 2D search of (By, Boxt) finds no strong-field configuration matching both: the potential
profiles are too different.



Conclusions & Future Work

What we did

Charged-torus model: internal self-generate and
external magnetic fields around a Schwarzschild

black hole.

The internal self-generated field changes the
topology and the morphology of the disc.

Relative potential profile (Acxt/AH), controls
which component dominates.

No strong-field configuration cancels both cusp
and centre shifts at once.

Validation against literature results.

Next steps

Refine £y as a fraction of [{ms, fmp] for the
charged case.

Extend to a spinning (Kerr) hole.
2D (non-equatorial) study of the function
k(r).

Testing other external fields.






Backup slides



Self-generated field: how k(r) is fixed

Standard CAD approach (Kovar et al. 2011, 2014; Trova et al. 2016): integrability of the charged Euler
equation only requires k = k(Ag), a free function of the flux — chosen e.g. as a power law ,ur,Ag.

Our approach is more constrained: instead of choosing k(Ay) freely, we derive k(r) by requiring the assumed
current-loop potential Ag to itself satisfy the vacuum Maxwell equation V x B = 4xJ (purely azimuthal
current), evaluated on the equator:

H
) =k(rz) =219 [(1— %)aaif

T 4xr2 Y ar sin 0

H
69A¢:|
/2 2

This removes a free function from the model: k(r) is fixed uniquely by (By, ro), and — crucially — does not
involve AS* at all (Finding 1).



Numerical construction pipeline

1. Choose By, Bext, and (for self-consistent runs) an initial ro.
2. Build Ag + A% and derive k(r) from the equatorial Maxwell equation.

3. Construct Weu(r, 6; 2).

. dw,
4. Determine £y and locate Xcusp, Xc from ch =0.

I lo=r,2

5. Update ry < v/2 x. (self-consistent cases) and iterate to convergence.

6. Reconstruct density from the polytropic Bernoulli integral; map equipotentials, B-field and
charge density.



Validation against the literature

Benchmarked the metric/potential engine against Trova et al. 2020 (PRD 101, 083027, test charge + external
uniform field), reproducing all 4 published example topologies (cusp-only, bound-only, double torus,
double-cusp).

Plus two exact analytic checks in that paper: £1sco = v/13.5 and photon sphere (r, #?) = (3,27) (reproduced
to machine precision).




y “Internal4+External” shifts so much

—Bn=5,Bext=075 e By = 5> Bext = 0.75 — naively, internal

Logarithmic scale should dominate.

10?9 — AY (internal)
— = AZ (Wald)

ot
AW

° AZ,’“ ~ r2, Ag localized near rg and
decaying.
e At the disk radius: |AS|/|AY| ~ 12.

----- max AY r=7.689

s 10!
<10

e The relevant ratio is Acxt/AH.




