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• Equation of state and Neutron Star properties
• EOS - pressure, density, baryon number density • NS - mass, radius, tidal deformability, rotational frequency

• Stiff EOS -  large                                                                   large maximum NS  mass, large radius             

• Exotic particles (hyperons, quarks)                                       smaller maximum mass, larger central density 
softening eos      

• Phase transition  (1st order) -                                                   stability of a star with respect to this mode 
density discontinuity, new oscillation modes.           

•
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During the late stages of a binary neutron star inspiral, dynamical tides induced in each star by its
companion become significant and should be included in complete gravitational-wave (GW) modeling. We
investigate the coupling between the tidal field and quasinormal modes in hybrid stars and show that the
discontinuity mode (g mode) intrinsically associated with first-order phase transitions and buoyancy
contributes non-negligibly compared with the fundamental f mode. We find that the g-mode overlap
integral can reach up to ∼10% of the f-mode value for hybrid star masses in the range 1.4 − 2.0M⊙, with
the largest values generally associated with larger density jumps. This leads to a GW phase shift due to the g
mode ofΔϕg ≲ 0.1 − 1 rad (i.e., up to∼5%− 10% ofΔϕf), with the largest shifts occurring for masses near
the phase transition. At higher masses, the shifts remain smaller and nearly constant, with Δϕg ≲ 0.1 rad
(roughly ∼1% of Δϕf). These GW shifts may be relevant even at the design sensitivity of current second-
generation GW detectors in the most optimistic cases. Moreover, if a g mode is present and lies near the
f-mode frequency, neglecting it in the GW modeling can lead to systematic biases in neutron star parameter
estimation, resulting in radius errors of up to 1%− 2%. These results show the importance of dynamical tides
to probe neutron stars’ equation of state, and to test the existence of dense-matter phase transitions.
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Introduction—Important constraints on the structure of
neutron stars (NSs) are emerging from electromagnetic
(EM) and gravitational wave (GW) observations.
Concerning GWs, the binary NS event GW170817 [1,2]
has already provided important limits on NS tidal deform-
ability: a softer equation of state (EOS) at intermediate
densities is preferred; however, many EOS candidates
remain due to measurement uncertainties. Current second
generation (2G) GW detectors, the Advanced LIGO [3],
Advanced Virgo [4], and KAGRA [5], 2.5G detectors like
the LIGO Voyager [6] and NEMO [7], and 3G detectors,
such as the Cosmic Explorer (CE) [8] and the Einstein
Telescope (ET) [9,10] promise to significantly reduce these
uncertainties. The inferred NS radius uncertainties will
be around a few hundred meters (few percent in relative
terms) for several detections with 3G detectors (see, e.g.,
Refs. [10–12] and references therein), needing perforce
more detailed models to describe the data.

Significant progress has also been made on the EM side
using light curve analysis and ray-tracing techniques.
NICER [13], currently observing several NSs, can already
provide radius measurements with 10% uncertainties at
68% probability [14]. Combining NICER measurements
results in even smaller radius uncertainties, reaching around
5% when GW constraints are also considered [14,15].
Near-future missions such as STROBE-X [16], ATHENA
[17], and eXTP [18,19] promise even smaller NS radius
uncertainties, around a few percent. NICER’s modeling of
the EM emission from hot spots on NS surfaces suggests
that stiffer EOSs are preferred, as stars with 1.35M⊙ and
2.0M⊙ have similar radii [14,20–22]. So far, these mea-
surements are consistent with GW observations [14,23].
However, if future experiments confirm the PREX-II results
[24,25], tension may arise [25,26]. It could be resolved
by dense-matter phase transitions [25,26]—theoretically
allowed by quantum chromodynamics (QCD) [27]—leading
to the concept of hybrid stars (see, e.g., Refs. [28,29] and
references therein).
The existence of hybrid stars could also lead to phenom-

ena that falsify some models when measurements become
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more precise, such as unique fingerprints on the GW
waveforms of postmerger NS binaries [30,31], impacts
on static tidal deformations and NS radii [32–34], and
characteristic bursts of EM energy [35–37].
More sensitive GW detectors will fully cover the binary

inspiral, merger, and postmerger [38], the latter currently
limited by the lack of sensitivity at GW frequencies above
∼1 kHz. In particular, for the Advanced LIGO and the
Advanced Virgo detectors at their design sensitivity, it will
be possible to measure tidal aspects of the late inspiral, where
the adiabatic approximation is no longer accurate and
dynamical tides [39–43] become relevant [44,45]. The main
implication of dynamical tides is that stellar modes
could resonate, extracting energy from the orbit and altering
the GW waveform [39]. For NSs without phase transitions,
the mode that most contributes to dynamical tides is the
fundamental one [39]. However, when other phenomena are
concerned, other modes could also be relevant [41,46–50].
Dynamical tides in hybrid stars have only recently begun

to be investigated for the discontinuity g modes [51–54],
also called interface mode (i mode), and their potential
detectability has already been stressed [55–57]. Our goal is
to investigate discontinuity g modes in a more systematic
and detailed way. To do so, we use EOSs that span a broad
range of density jumps and satisfy all astrophysical con-
straints. We also apply highly precise methods to compute
the eigenmodes. Finally, we explicitly account for all
boundary conditions on the perturbationswhich are essen-
tial for the self-consistency of the problem and reliable
estimates and carry out our analysis within full general
relativity (similarly to [56] and differently from [57]). This
allows us to assess the conditions under which g modes
could compete with the fundamental f mode and to
understand the consequences of neglecting them.
We show here that the discontinuity gmode, intrinsically

associated with a first-order phase transition and buoyancy,
can contribute non-negligibly to GW phase shifts when
compared to the fundamental f mode, and it might even be
detected by current GW detectors for larger frequencies
if they reach their design sensitivity. The largest shifts
[≲ð0.1–1Þ rad] happen for stellar masses close to the phase
transition mass—a novelty of our analysis—and almost
constant, moderate shifts (≲0.1 rad) occur for larger NS
masses. This differs from [56], which suggests detectability
with aLIGO for smaller frequencies [58], and from [57],
which shows in their Fig. 2 [in their main text and their
Supplemental Material] that larger density jumps lead to
greater changes in the GW phase shift, and that the phase
shift generally decreases with the NS mass increase. Our
Figs. 2 and 3 imply a more complicated relation between
the phase shift, density jump, and NS mass. In particular—
and as a second novelty—near the transition mass small
density jumps produce nonlinear, non-negligible GW
phase shifts. Finally, we show that neglecting the g mode
GW phase shift can bias stellar-parameter inference, with

important consequences for high-precision facilities such
as eXTP and the Einstein Telescope.
Results—The EOSs we use provide the M-R relation

illustrated in Fig. 1. Details about them are given in
Supplemental Material [59] which includes Refs. [60–65].
Our selected EOSs have phase transitions occurring at a
mass just below 1.4M⊙ (∼1.33M⊙). All EOSs exhibit a
baryon number density jump nq=nh > 1 at the quark-
hadron interface, equivalently shown in our plots in terms
of nq=nh − 1 > 0. The EOSs share a common transition
density at the base of the hadronic phase [ϵh ≃ 2.2ϵsat
(nh ≃ 2.1nsat), with ϵsat ¼ 2.7 × 1014 g cm−3 and nsat ¼
0.16 fm−3], and feature a corresponding phase transition
pressure of pt ¼ 6.71 × 1034 dyn cm−2 (which is in agree-
mentwithpð2ϵsatÞ ¼ 3.5þ2.7

−1.7 × 1034 dyn cm−2, coming from
GW170817 [77]); they are also consistent with astrophysical
constraints in multiple contexts [78–83]. To capture a wide
range of scenarios, we explore both small and large jumps
(1.1 ≤ nq=nh ≤ 1.9), encompassing weak and strong phase
transitions [37,84]. We adopt representative mass values of
1.4M⊙,1.8M⊙, and2.0M⊙ inouranalysis, as indicatedby the
horizontal dashed lines in Fig. 1. The extent of the quark core
slowly increases with stellar mass across the full range of
nq=nh considered, 1.1–1.9. For 1.4M⊙ stars, it ranges from
approximately 25% to 55% of the stellar radius; for 1.8M⊙,
from 55% to 75%; and for 2.0M⊙, from 60% to 80%; see
Supplemental Material [59] for more details.
We make now some estimates for dynamical tides. We

follow a “hybrid” approach where we take as a basis some
Newtonian expressions but consider GR corrections to their
terms. This strategy is motivated by the fact that extending

FIG. 1. Mass-radius relations for hybrid stars for various EOSs
characterized by nq=nh values ranging from 1.1 to 1.9, spanning
scenarios from weak to strong phase transitions. To facilitate
identification of the properties of the stellar models analyzed,
dashed lines have been plotted at 1.4M⊙, 1.8M⊙, and 2.0M⊙.
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damping times around 10−1 s, whereas g modes are highly
sensitive to the density jump and transition pressure
[87,88], decreasing nonlinearly with increasing jump.
The stability of the f mode stems from its dependence
on compactness [89], which changes little among stars of
the same mass but different nq=nh. For the models and
masses considered, g-mode damping times range from 108

to ∼101 s, indicating that stellar g-mode deformations may
persist up to merger, potentially enabling the conversion of
vibrational energy into other forms.
We now consider the case of two resonant modes with

closely spaced frequencies, such that their individual
contribution to the total number of orbital cycles due to
a star, ΔN, and the associated GW phase shift, Δϕ, cannot
be individually resolved. This situation may arise if at least
one of the modes has a long damping time, allowing it to
remain active over a larger frequency range. In this case,
ΔN ≈

P
n ΔNn and Δϕ ≈

P
n Δϕn. We will focus on

n ¼ f, g and large density jumps, where this might happen.
For simplicity, we take νg ¼ agνf, Qg ¼ qgQf, and
ðag; qgÞ < 1. Thus, from Eq. (1), taking into account the
contributions of both f and g modes, ΔN is

ΔN ¼ Δϕ
4π
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It implies that if the g mode is ignored in the analysis but is
present in the data, one would infer an effective funda-
mental mode frequency smaller than the true one, which
might have important consequences for determining the NS

parameters and its dense matter properties. For example,
assume ag ¼ 0.8 and qg ¼ 0.1, which could occur for a
1.4M⊙ hybrid star with a large energy density jump, as
shown in Figs. 2 and 5. It follows that ν̃f ¼ 0.99νf, which
is a 1% difference. Assuming heavier NSs (1.8M⊙; 2M⊙),
for nq=nh ≃ 1.9 we have that ag ¼ 0.65 and qg ¼ 0.1—see
also Figs. 2 and 5—meaning that ν̃f ¼ 0.98νf (2% differ-
ence). Since the fundamental mode scales with the mean
density (∝ M=R3) of the star as νf ∝ ðM=R3Þ12 [89],
jΔνf=νfj ¼ ð3=2ÞΔR=R for any given mass M. For ag ¼
0.8 and qg ¼ 0.1 (1.4M⊙), ΔR=R ∼ 0.7%; for ag ¼ 0.65
and qg ¼ 0.1 (1.8M⊙, 2M⊙), ΔR=R ∼ 1.3%.
Discussion and conclusions—We found that the dis-

continuity g mode can compete with the fundamental f
mode concerning the overlap integral and other observables
(such as the GW phase) for hybrid stars. When the stellar
mass is near the phase-transition mass, nonlinearities in Qg

(Δϕg) are observed because it is significantly influenced by
the smaller extent of the quark phase and the complex
behavior of the g-mode eigenfunctions W and V across
varying density discontinuities (see Supplemental Material
[59]). Notably, these eigenfunctions can exhibit sign
changes within the hadronic phase, thereby markedly
affecting Qg; see Eq. (2). However, these effects are
smoothed out when the stellar mass is further from the
phase-transition mass due to the increase of the quark phase
and its larger contribution to Qg.
In our dataset, the point at nq=nh ¼ 1.1 is the global

maximum ofΔϕg within our current resolution. It is followed
by smaller local extremawhose amplitudes decrease asnq=nh
increases; these features arise from nontrivial g-mode eigen-
function rearrangements and their progressive smoothing
as the quark core grows, rather than from numerical
inaccuracies (see Supplemental Material [59]). Additional

FIG. 4. Damping times for the f and g modes of hybrid stars
with masses of 1.4M⊙, 1.8M⊙, and 2.0M⊙. The damping times
of gmodes display nonlinear behavior with nq=nh, owing to their
dependence on buoyancy. These damping times span roughly
seven orders of magnitude and can reach values as large as
∼ð10100Þs for hybrid stars with significant density jumps.

FIG. 5. Frequencies for the f mode and g mode for stars
with 1.4M⊙, 1.8M⊙, and 2.0M⊙ and different number baryon
density jumps.
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• Conclusions

• Dynamical tides during the late stages of a binary neutron star inspiral  
• Tidal interactions excite the oscillation modes in  neutron stars 
• This coupling can modify the emitted gravitational-wave signal. 
•  
Additional oscillation mode: 

• A g-mode associated with a first-order phase transition and buoyancy  (discontinuity mode) is present 
• Similar frequencies of g-modes and f-modes (~ 1 kHz) 
• g-mode can contribute non-negligibly to gravitational wave phase shifts (at a level comparable to f-

mode) 
• If the presence of g-mode is not taken into account one can overestimate for example radius by 1-2%. 

•


