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Motivation. AGN with jets/no-jets
no jets

with jets

Some but not all AGN have jets —  
— Why? 



Radio loud/quiet dichotomy

(Sikora, Stawarz & Lasota 2007) 

loud

quiet

differences in the location of individual objects within the sub-
samples. Furthermore, at the largest accretion luminosities, where
the lower pattern is occupied mostly by quasars hosted by giant
elliptical galaxies, the relative location of the two sequencea is
not significantly modified.

In Figure 3 we plot the dependence of the radio loudness,R,
on the Eddington ratio, k, assuming k ¼ Lbol /LEdd ¼ 10(LB /LEdd)
(see, e.g., Richards et al. 2006).7 Our results confirm the trend of
the increase of radio loudness with decreasing Eddington ratio,
originally noticed by Ho (2002; see also Merloni et al. 2003;
Nagar et al. 2005). However, we show in addition that this trend
is followed separately—with a large difference in normalization—
by the ‘‘radio-quiet’’ and the ‘‘radio-loud’’ sequences. Yet an-

other feature revealed in Figure 3 is a clear change of slope of the
R" k dependence, which indicates some sort of saturation of
radio loudness at low Eddington ratios. A similar trend can be
noticed, but specifically for FR I and FR II radio galaxies, in the
data presented by Zirbel & Baum (1995). Let us recall that almost
all BLRGs and radio-loud quasars in our samples have FR II radio
morphology.

Finally, in Figure 4 we illustrate the dependence of radio loud-
ness on black hole mass. This plot demonstrates that AGNs with
the black hole masses >18 M# reach values of radio loudness
3 orders of magnitude larger than AGNs with black hole masses
<3 ; 107 M# on average.8 A relatively smooth transition be-
tween those two populations most likely is caused by the overlap
between black hole masses hosted by disk and elliptical galaxies.
Errors in black hole mass estimations can also have a similar

Fig. 1.—Total 5 GHz luminosity vs. B-band nuclear luminosity. BLRGs are
marked by filled circles, radio-loud quasars by open circles, Seyfert galaxies,
and LINERs by crosses, FR I radio galaxies by open triangles, and PG quasars
by filled stars.

Fig. 2.—Total 5 GHz luminosity vs. B-band nuclear luminosity in the
Eddington units. BLRGs are marked by filled circles, radio-loud quasars by open
circles, Seyfert galaxies and LINERs by crosses, FR I radio galaxies by open
triangles, and PG quasars by filled stars.

Fig. 3.—Radio loudness R vs. Eddington ratio k. BLRGs are marked by
filled circles, radio loud quasars by open circles, Seyfert galaxies and LINERs
by crosses, FR I radio galaxies by open triangles, and PG quasars by filled stars.

Fig. 4.—Radio loudness vs. black hole mass. BLRGs are marked by filled
circles, radio-loud quasars by open circles, Seyfert galaxies and LINERs by
crosses, FR I radio galaxies by open triangles, and PG quasars by filled stars.

7 Note that for very low luminosity AGNs the bolometric correction can be a
factor$2 larger than considered above. However, due to very large uncertainties
and not known functional dependence of the exact correction factor on the
luminosity (Ho 1999), we decided to use the same proportionality constant for all
the analyzed AGNs.

8 A number of very radio-loud AGNs was claimed by Woo & Urry (2002) to
be characterized byMBH < 108 M#. However, as it was demonstrated by Laor
(2003), in most of these cases the black hole masses have been determined
incorrectly.
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Not entirely due to total 
luminosity or BH mass!

Radio loudness vs Eddington ratio 
and BH mass



Motivation...

• jet launching mechanism 
• jet collimation mechanism 
• role of accretion 
• role of spin of a SMBH 
• role & structure of magnetic field

PROBLEMS:

Accreting Black Holes

Sky & Telescope (Apr 2010)

Properties of  Accreting BHs:
Magneto-Turbulent Disk
Relativistic Jet and Wind
Thermal Plasma
Collisionless Effects
Non-Thermal Plasma

Non-Thermal Plasma:
Shocks (e.g. Fermi Acceleration)
Magnetic Reconnection

Photon Radiation Processes:
Cyclo-Synchrotron
Comptonization (Scattering)
Bremsstrahlung (free-free, etc.)
Pair Annihilation

Pair Processes:
J�J o e+ e-
Je o e e+ e-
Jp o p e+ e-

ee o ee e+ e-
ep o ep e+ e-
ep e+-o ep e+-

%=����(�� e+ e-o N e+ e- ��0�J
Schwinger��(�o e+ e-

and also debated:

• jet composition — leptons/baryons — is unknown 
• what switches jets on is unclear 
• CR acceleration is discussed



What powers a jet?

Energy source of a jet — rotational 
energy of a BH

Energy extraction mechanism — 
Blandford-Znajek — a la unipolar 
inductor



Blandford-Znajek (1977)

spinning BH — poor conductor (r~377 Ohm) 
— in an external B-field → unipolar inductor

Electromotive force

Magnetic flux 
Φ ~ B RBH2   (RBH~GM/c2)

U ~ d(flux)/dt  ~ B RBH2 ΩBH

Power

P ~ U2/r~ B2 RBH4 ΩBH2 ~ B2 M2 (spin)2



Jets powered by BH spin

radio power (observed)

Alexander (Sasha) Tchekhovskoy Lorentz Center

Observational disk-jet connection I

• Role of spin: same black hole, different 
jets. Does this mean spin irrelevant?

• What causes spectral state 
transitions and associated changes 
in jet power? 

• Are jet-producing quasars in the 
middle of a state transition?

• What sets jet power in BH systems? 
Extra parameters apart from spin?

• Are microquasars downscaled 
quasars?

• Two tracks on the Lr-Lx plot

• Radio Loud/Quiet Dichotomy

• What sets jet power theoretically?

296 E. Gallo et al.
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Figure 5. Left-hand panel: results of the linear regression analysis on the BHBs in the radio/X-ray luminosity domain. A total of 24 systems are included; the
thick yellow line represents the best-fitting relation (see Table 1 and text for details on the fitting procedure), to be compared with the upper and lower tracks
identified by GMF12 (dash–dotted grey lines), adopting the same methodology on a smaller data set (18 systems). Also highlighted are the best-fitting relations
for V404 Cyg (dotted green line), GX339-4 (dotted orange line) and XTE J1118+480 (blue dotted line). The two right-hand panels compare the outcomes of
the Bayesian fitting routine: shown are 500 draws of the posterior distributions for the slope versus intrinsic scatter (top) and slope versus intercept (bottom)
for the individual sources and the full sample, according the colour scheme of the left-hand panel. Regardless of how well (or poorly) constrained the slope
and intercept are for the individual sources, the best-fitting intrinsic scatter is highest for the full data set, with σ 0 = 0.31 ± 0.03. Quoted best-fitting values
are estimated as the median of 10 000 (as opposed to 500) draws, and 1σ errors correspond to the 16th and 84th percentiles.

a peculiar system for a variety of reasons (for example, it comprises
a high-mass companion, and never fully reaches the soft, thermal-
dominant state as other sources), none of them is likely to alter the
interplay between the radio emission from the compact jet and the
X-ray emission from the inner accretion flow in any fundamental
way. In other words, there is no good reason for Cyg X-1 to be
omitted from our analysis other than practical purposes, in that the
number of available data points for this system greatly exceeds that
of the other 24 sources combined.

Admittedly, though, the Cyg X-1 data were excluded from the
sample discussed in GFM12. Partially to remedy this omission,
here we repeat the clustering analysis for a total of 1276 detections
for 25 hard-state BHBs, inclusive of 1029 data points from Cyg
X-1 (scaled to a distance of 1.86 kpc, from Reid et al. 2011, and
corrected for absorption as in Gallo et al. 2003). The results are
shown in Fig. 6; not surprisingly, adding so many data points to
the initial sample significantly alters the outcome of the clustering
analysis. Nevertheless, APCLUST still identifies two main clusters
within the standardized coordinate domain. The whole Cyg X-1
hard-state data set is characterized as part of the bottom cluster
(in red); for the other 24 systems, the main difference in terms of
cluster membership with respect to the analysis conducted above
(Fig. 4) is that a significant fraction of the highest radio and X-ray
luminosity data points, corresponding to the top-right region of the
diagram, is now identified as part of the same cluster as Cyg X-1.
Overall, this consolidates the argument for a two-cluster description
of the radio/X-ray domain of hard-state BHBs as being somewhat

arbitrary, in the sense that the actual cluster membership depends
on a number of parameters, where sample selection adds to distance
uncertainties, errors and (in some cases) lack of strict simultaneity.

5 SU M M A RY A N D D I S C U S S I O N

Coordinated radio and X-ray monitoring of hard-state BHBs has
long been advocated as a powerful observational tool for investigat-
ing the interplay between radiatively inefficient accretion and the
production of steady compact jets in accreting black holes. Over
the last decade or so, several groups have collected an impressive
amount of data, a large fraction of them being included in this
work. With the exclusion of Cyg X-1, the sample discussed here is
comprised of 24 BHBs, for a total of 265 data points, including 247
detections and 18 upper limits. The most relevant addition compared
to previous works is represented by the simultaneous radio/X-ray
detection of the nearby, virtually unabsorbed black hole candidate
in XTE J1118+480, at about 4 × 10−9 times its X-ray Edding-
ton luminosity. The quiescent radio counterpart was detected, for
the first time, at a level of 4.79 ± 1.45 µJy beam−1. At a distance
of 1.7 kpc, this corresponds to a monochromatic luminosity of
1.67 × 1016 erg s−1 Hz−1.

With the addition of XTE J1118+480, a tight (i.e. with inferred
intrinsic scatter !0.1) correlation of the form ℓr = α+βℓX has
now been established for three systems, where X-ray luminosities
are quoted over the 1–10 keV range, and radio luminosities are
integrated up to ≃5 GHz assuming a flat radio spectrum (see Table 1
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Black Hole Spin via Continuum Fitting and the Role of Spin 313

Fig. 6 (a) Plot of the quantity Jet Power, which measures the 5 GHz radio luminosity at light curve max-
imum, versus black hole spin, measured via the continuum-fitting method for five transients (Narayan and
McClintock 2012; Steiner et al. 2013). The dashed line has slope equal to 2. (b) Plot of Jet Power versus
RISCO/(GM/c2). Here the radio luminosity has been corrected for beaming assuming a bulk Lorentz factor
Γ = 2 (filled circles) or Γ = 5 (open circles). The solid lines correspond to Jet Power ∝ Ω2

H, where ΩH is
the angular frequency of the horizon (Steiner et al. 2013)

showed that they correlated well with the corresponding black hole spins measured via the
continuum-fitting method.7 Later, Steiner et al. (2013) included a fifth transient, H1743–
322, whose spin had been just measured. Figure 6a shows a plot of the black hole spins of
these five objects versus a measured quantity called “Jet Power,” which refers to the radio
luminosity νLν = (νSν)D

2/M (here, not corrected for beaming), where ν = 5 GHz is the
radio frequency, Sν is the flux density in Jy at the peak of the ballistic-jet radio light curve,
D is the distance in kpc, and M is the black hole mass in solar units.8 That is, the proxy
adopted for jet kinetic luminosity is simply the peak radio luminosity at 5 GHz.9 Figure 6a
shows unmistakable evidence for a strong correlation between Jet Power and a∗. Note that
Jet Power varies by nearly three orders of magnitude as the spin parameter varies from
≈0.1–1.

The uncertainty in the estimated values of Jet Power, which is difficult to assess, is arbi-
trarily and uniformly assumed to be a factor of two (Narayan and McClintock 2012). The
very unequal horizontal error bars in Fig. 6a are a feature of the continuum-fitting method of
measuring a∗. Recall that the method in effect measures RISCO and then deduces the value
of a∗ using the mapping shown in Fig. 3a. Since the mapping is highly non-linear, especially
as a∗ → 1, comparable errors in RISCO correspond to vastly different uncertainties in a∗. In
addition, the use of log a∗ along the horizontal axis tends to stretch error bars excessively
for low spin values. This point is clarified by considering Fig. 6b, based on Steiner et al.
(2013). Here the horizontal axis tracks logRISCO rather than loga∗, and the horizontal error

7In the case of a fifth transient, 4U1543–47, radio observations did not include the peak of the light curve, so
one could only deduce a lower limit to the jet power. Note that the radio peak can be very narrow in time, e.g.,
≈1-day in the case of XTE J1859+226 (Fig. 2), so one requires dense radio monitoring to catch the peak.
8The scaling by mass is sensible because the sources are near the Eddington luminosity limit, which is
proportional to mass. However, since the masses of the black holes differ little (Table 1), the results would be
virtually identical if the mass scaling were eliminated.
9None of the results change if one chooses a different reference frequency, e.g., 1.4 GHz or 15 GHz.

(Narayan & McClintock 2012)
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At high spin, most of the power comes from 
black hole spin (Blandford-Znajek effect).

Maximum 
Jet Power 
vs. Spin
(h/r∼0.3)

(Tchekhovskoy, McKinney 
2012, MNRAS, 423, 55;
Tchekhovskoy 2015)

Can quantify feedback due to black hole jet, 
disk wind, radiative output from first principles
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Tchekhovskoy, McKinney, Blandford, 2012

power (MHD simulations)



Jets need plasma

Energy source of a jet — rotational 
energy of a BH

Energy extraction mechanism — 
Blandford-Znajek — a la unipolar 
inductor

Need plasma on field lines to 
conduct current

No plasma => no power => no 
visible jet

Plasma escapes from the system. 
Need to produce plasma in situ. 
How?

stagnation surface

plasma flows out (centrifugal)

plasma flows in 
(gravity)



Basic setup 

Jet region (of interest) 

Jet region (of interest) 

Accretion region (messy) Accretion region (messy) 

Choose the B to be double-split-monopole 
(to exclude near-equatorial region)

2

Then using the force-free condition, E ·B = 0 to find the
poloidal electric field,

Ep =
⌦F � !

2⇡↵c
r , (10)

where the velocity of the magnetic field lines from the
ZAMO’s reference frame is

vF =
(⌦F � !)$

↵
�̂. (11)

The charge density needed for the degenerate magne-
tosphere to be force-free is:

⇢GJ =
1

4⇡
r ·Ep =

�1

4⇡
r ·

✓
⌦F � !

2⇡↵c
r 

◆
. (12)

Hereafter we assume the double-split monopole magnetic
field configuration used in Ref. [1] with

 (✓) =  M (1� cos(✓)). (13)

This field geometry is chosen for several reasons. First,
it naturally represents a simplified model of the fields
around an accreting BH in that the polar regions mimic
the outflowing jet fields and the inner region corresponds
to the fields connected to the accretion disk. Second, we
are interested in the processes in the close proximity of
the BH horizon, so the global structure of the magnetic
fields at r � rH is essentially irrelevant. Third, near
the BH horizon, where the gap region is always located,
the field must be nearly radial anyway. Therefore, our
field configuration nicely isolates the region of interest
and allows us to explore the plasma production in the jet
forming region isolated from the accretion region.

There exists a surface where ⇢GJ = 0, see Fig. 1. In
a force-free magnetosphere, this “null surface” has the
potential to create a region with a strong electric field
(Ek) that is parallel to the magnetic field. The charge
deficit around the “null surface” allows Ek to emerge, we
will refer to this region simply as the gap. Inside of the
gap, the Poisson equation is:

r · Ek = 4⇡ (⇢e � ⇢GJ(x, ✓)) , (14)

where the charge density, ⇢e ⌘ e(n+ � n
�), is viewed in

the corotating frame of the magnetic field and is the dif-
ference between positive (n+) and negative (n�) charges.
As originally suggested in Ref. [1], an electron-positron
cascade is needed to maintain a force-free magnetosphere.
Charged particles are accelerated by Ek inside of the gap,
these accelerated particles inverse Compton scatter with
background photons from, e.g., the accretion disk. This
produces �-rays which then collide with background pho-
tons and produce electron-positron pairs. These pairs in
turn get accelerated and independently repeat the pro-
cess until the magnetosphere is filled.

We extend previous works Refs. [2, 3] by looking at
broad ranges of mass, magnetic field, background photon
energy density, and spin.

Figure 1. The BH radius is set to one. The blue/gray regions
and the red/yellow regions signify the plasma densities. The
red, solid line is the surface where ⇢GJ goes to zero. The
green, dash-dotted line is the ergoshphere. The light gray,
long-dashed lines represent the inner and outer light cylin-
der. And finally, the dark gray, short-dashed lines display the
geometry of the magnetic field lines.

II. ELECTRON-POSITRON CASCADE
MECHANISM

In this section, we lay out the theoretical framework
that governs how an electron-positron cascade occurs in
the gap.

A. Cascade Equations

In the gap, there is insufficient plasma to screen out
an electric field, that is why Ek emerges. We reduce
the geometry to one dimension and rewrite the Poisson
equation,

dEk

dx
= 4⇡

⇥
e
�
n
+ � n

��� ⇢GJ

⇤
, (15)

where x is perpendicular to the “null surface” and zero
at the center of the gap, i.e., x = (r � r0), with r0 being
the “null surface”. As will be shown, the gap is usually
considerably smaller than rH ; therefore, we can expand
⇢GJ(x, ✓) around x = 0, the center of the gap. This
allows us to rewrite the Poisson equation once again,

dEk

dx
= 4⇡

⇥
e
�
n
+ � n

���A✓x
⇤
, (16)

where A✓ is the expansion coefficient at a particular ✓,
A✓ = @r(⇢GJ(x, ✓)) at x = 0.



Plasma production: Where?

Goldreich-Julian density

the redshift factor and ! is the angular velocity of the zero angular momentum observers
(ZAMOs), which keep their r and ✓ coordinates constant (Thorne, Price & Macdonals 1986;
Beskin, Istomin & Par’ev 1992; Hirotani & Okamoto 1998).
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a is the spin parameter deÐned by a 4 J/Mc. The horizon
radius is denoted by r

H
\ GM/c2] [(GM/c2)2[ a2]1@2.

Here a is the lapse function or the redshift factor and u is
the angular velocity of so-called zero angular momentum
observers (ZAMOs), which vanishes at inÐnity (a ] 1) and
coincides with the uniform rotation of the hole, u

H
4

at the horizon (a \ 0). The general relativisticc3a/(2GMr
H
),

e†ects on the force-free magnetosphere appear through a
and u.

Denoting the magnetic Ñux function as (, one can deÐne
the poloidal magnetic Ðeld in terms of ( :

B
P
\ [ eÕ Â +(

2n-
, (2)

where is the unit toroidal vector. In the axisymmetriceÕsystem the electric Ðeld is purely poloidal, and assuming the
frozen-in condition, it is given by

E
P
\ [¿

F
c

Â B
P
\ [)

F
[ u

2nac
+( , (3)

where is the rotational velocity of¿
F
\ [()

F
[ u)-/a]eÕÐeld lines measured by ZAMOs and is the angular)

F
(()

velocity of Ðeld lines.
The charge density in the degenerate force-free magneto-

sphere is given by the Goldreich-Julian charge density ; i.e.,

oGJ 4
1
4n + Æ E

P
\ [ 1

4n + Æ A)F
[ u

2nac
+(
B

(4)

everywhere except within the thin gap of the structure,
which is our main concern. Since and hence , changes¿

F
, E

Psign at the surface where u equals one can easily antici-)
F
,

pate that also changes sign in the vicinity of this surface.oGJSome analyses reveal that is negative far from the holeoGJand positive near the hole along Ðeld lines near the rotation
axis.

In a force-free magnetosphere, the ““ null surface ÏÏ where
vanishes could be regions with a strong electric ÐeldoGJ sustained along a magnetic Ðeld line. If the charge(E

A
)

density di†ered signiÐcantly from in any region, thiso
e

oGJwould cause which would act to move available chargeE
A
,

into (from) the charge deÐcient (excess) region. However,
near the null surface, there is not enough available charge to
redistribute ; this charge deÐcit leads to the emergence of
E

A
.
A typical example of the distribution of the null surface is

depicted in As the Ðgure indicates, the null sur-Figure 1.
faces (solid lines) nearly coincide with the surface of u\)

F(dashed line). The magnetic Ðeld lines (dotted lines) are
assumed to be radial in this Ðgure, because the force-free
transÐeld equation makes the Ðeld line structure be asymp-
totically radial for a ] 0 & Thorne(Macdonald 1982 ;
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the rotation of the black hole, to relativistic energies, and
these accelerated particles then inverse Compton scatter
background photons from, e.g., the surrounding accretion
disk. The resulting hard c-ray photons collide with another
background photons, to produce pairs of electrons and
positrons, which Ðll the magnetosphere.

In spite of the core signiÐcance in feeding a relativistic
c-ray jet from the central engine, the real process of supply-
ing charged particles in the magnetosphere has not been
substantiated for a realistic model of radiation Ðeld in
AGNs until Istomin, & ParÏev For theBeskin, (1992).
typical parameters of the central radiation in AGNs, they
estimated the width of the region of plasma production and
the particle energies in it.

The purpose of this paper is to further extend the analysis
of et al. and to clarify more quantitatively theBeskin (1992)
micro process of interaction of radiationÈpair creation
under the existence of parallel electric Ðeld.

In the next section, we formulate basic equations describ-
ing a pair production cascade in the magnetosphere. We
then solve them in and demonstrate that a sufficient° 3
amount of plasma is supplied by the cascade so that holeÏs
rotational energy may be extracted e†ectively. In the Ðnal
section, we sum up the results and discuss the di†erences
from Beskin et al.Ïs.
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In this section, we describe how a pair production
cascade proceeds in a thin gap in the force-free magneto-
sphere. We Ðrst discuss physical processes in the potential
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Figure 5: Distribution of the ”null sur-
face” where ⇢GJ = 0 around a rapidly
spinning hole (a = 0.9, ⌦F = 1
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The magnetic field lines (dotted lines) are
radial near the horizon.The null surface
(solid line) almost coincides with the sur-
face of ! = ⌦F (dashed line), except in
the middle latitudes; adapted from (Hi-
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Assuming a stationary axisymmetric degenerate
force-free magnetosphere around the rotating black
hole, the electric field is only in the poloidal direction
(Hirotani & Okamoto 1998):

Ep = �⌦F � !
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r , (2)

where  is the magnetic flux and ⌦F is the angular
velocity of the magnetic field lines. The Goldreich-
Julian density is:
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Ep changes sign when ⌦F = !; therefore, ⇢GJ also
changes sign. Consequently, there is a surface where
⇢GJ vanishes and is charge deficient, which leads to the
emergence of an electric field along the magnetic field
lines, Ek, breaking the force-free condition. This leads
to the formation of a “gap” (similar to the outer gap
around a pulsar). The structure of this gap is the main
focus of our research.

An illustrative example of the distribution of the
null surface, ⇢GJ = 0, i.e., where the sustained electric field parallel to a magnetic field line
is the strongest, is depicted in Fig. 5. As is shown in the figure, the null surfaces (solid
lines) nearly coincide with the surface of ! = ⌦F (dashed line). For illustration purposes, the
magnetic field lines (dotted lines) are assumed to be radial, because the field line structure
be asymptotically radial for near the horizon (Thorne, Price & Macdonals 1986) and the flux
function  is assumed to be proportional to sin2 ✓.

3.2 Pair cascade

Charges from the accretion disk cannot populate the jetting region, because they cannot travel
perpendicular to the magnetic field lines. Hence, the gap will grow unless there is some plasma
production mechanism inside of the gap. This means that the size of the gap will be determined
by how e�cient this mechanism is, where the edge of the gap is where the force-free condition
is applicable. Charges inside of the gap are accelerated by Ek to relativistic energies. The
relativistic particles then inverse-Compton scatter with background photons. The resulting �-
ray photons then collided with background photons and pair produce. This process continues
until the magnetosphere is filled.

The electrostatic potential gap causes charges to accelerate. The Poisson equation inside
of the gap is:

dEk
dx

= 4⇡[e(n+ � n
�)� ⇢GJ ] , (4)

where e is the electron charge, n± is are the number densities for positrons and electrons,
respectively. By assuming a thin gap, one can use a 1D representation of the gap by choosing
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a is the spin parameter deÐned by a 4 J/Mc. The horizon
radius is denoted by r
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background photons from, e.g., the surrounding accretion
disk. The resulting hard c-ray photons collide with another
background photons, to produce pairs of electrons and
positrons, which Ðll the magnetosphere.

In spite of the core signiÐcance in feeding a relativistic
c-ray jet from the central engine, the real process of supply-
ing charged particles in the magnetosphere has not been
substantiated for a realistic model of radiation Ðeld in
AGNs until Istomin, & ParÏev For theBeskin, (1992).
typical parameters of the central radiation in AGNs, they
estimated the width of the region of plasma production and
the particle energies in it.

The purpose of this paper is to further extend the analysis
of et al. and to clarify more quantitatively theBeskin (1992)
micro process of interaction of radiationÈpair creation
under the existence of parallel electric Ðeld.

In the next section, we formulate basic equations describ-
ing a pair production cascade in the magnetosphere. We
then solve them in and demonstrate that a sufficient° 3
amount of plasma is supplied by the cascade so that holeÏs
rotational energy may be extracted e†ectively. In the Ðnal
section, we sum up the results and discuss the di†erences
from Beskin et al.Ïs.
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In this section, we describe how a pair production
cascade proceeds in a thin gap in the force-free magneto-
sphere. We Ðrst discuss physical processes in the potential
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The magnetic field lines (dotted lines) are
radial near the horizon.The null surface
(solid line) almost coincides with the sur-
face of ! = ⌦F (dashed line), except in
the middle latitudes; adapted from (Hi-
rotani & Okamoto 1998).

Assuming a stationary axisymmetric degenerate
force-free magnetosphere around the rotating black
hole, the electric field is only in the poloidal direction
(Hirotani & Okamoto 1998):
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where  is the magnetic flux and ⌦F is the angular
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Ep changes sign when ⌦F = !; therefore, ⇢GJ also
changes sign. Consequently, there is a surface where
⇢GJ vanishes and is charge deficient, which leads to the
emergence of an electric field along the magnetic field
lines, Ek, breaking the force-free condition. This leads
to the formation of a “gap” (similar to the outer gap
around a pulsar). The structure of this gap is the main
focus of our research.

An illustrative example of the distribution of the
null surface, ⇢GJ = 0, i.e., where the sustained electric field parallel to a magnetic field line
is the strongest, is depicted in Fig. 5. As is shown in the figure, the null surfaces (solid
lines) nearly coincide with the surface of ! = ⌦F (dashed line). For illustration purposes, the
magnetic field lines (dotted lines) are assumed to be radial, because the field line structure
be asymptotically radial for near the horizon (Thorne, Price & Macdonals 1986) and the flux
function  is assumed to be proportional to sin2 ✓.

3.2 Pair cascade

Charges from the accretion disk cannot populate the jetting region, because they cannot travel
perpendicular to the magnetic field lines. Hence, the gap will grow unless there is some plasma
production mechanism inside of the gap. This means that the size of the gap will be determined
by how e�cient this mechanism is, where the edge of the gap is where the force-free condition
is applicable. Charges inside of the gap are accelerated by Ek to relativistic energies. The
relativistic particles then inverse-Compton scatter with background photons. The resulting �-
ray photons then collided with background photons and pair produce. This process continues
until the magnetosphere is filled.

The electrostatic potential gap causes charges to accelerate. The Poisson equation inside
of the gap is:

dEk
dx

= 4⇡[e(n+ � n
�)� ⇢GJ ] , (4)

where e is the electron charge, n± is are the number densities for positrons and electrons,
respectively. By assuming a thin gap, one can use a 1D representation of the gap by choosing
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the rotation of the black hole, to relativistic energies, and
these accelerated particles then inverse Compton scatter
background photons from, e.g., the surrounding accretion
disk. The resulting hard c-ray photons collide with another
background photons, to produce pairs of electrons and
positrons, which Ðll the magnetosphere.

In spite of the core signiÐcance in feeding a relativistic
c-ray jet from the central engine, the real process of supply-
ing charged particles in the magnetosphere has not been
substantiated for a realistic model of radiation Ðeld in
AGNs until Istomin, & ParÏev For theBeskin, (1992).
typical parameters of the central radiation in AGNs, they
estimated the width of the region of plasma production and
the particle energies in it.

The purpose of this paper is to further extend the analysis
of et al. and to clarify more quantitatively theBeskin (1992)
micro process of interaction of radiationÈpair creation
under the existence of parallel electric Ðeld.

In the next section, we formulate basic equations describ-
ing a pair production cascade in the magnetosphere. We
then solve them in and demonstrate that a sufficient° 3
amount of plasma is supplied by the cascade so that holeÏs
rotational energy may be extracted e†ectively. In the Ðnal
section, we sum up the results and discuss the di†erences
from Beskin et al.Ïs.

2. PAIR PRODUCTION CASCADE MECHANISM

In this section, we describe how a pair production
cascade proceeds in a thin gap in the force-free magneto-
sphere. We Ðrst discuss physical processes in the potential
gap leading to the cascade in We next formulate basic° 2.1.
equations in discuss nongray analysis of the c-ray° 2.2,
distribution in and introduce boundary conditions in° 2.3,
° 2.4.

2.1. Physical Processes
As we have discussed in the previous section, theE
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longitudinal electric Ðeld, can no longer been screened near
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Electric field

x = 0 where ⇢GJ = 0 and having x̂ perpendicular to the null surface. The width of the gap
is small compared to the size of the black hole, rh ⇠ 1013.5(M/108M�), so one can expand
⇢GJ(x) around x = 0. This expansion yields, ⇢GJ(x) ' �Ax, where A = @r(⇢GJ) at x = 0. The
motion of the charges as they are accelerated along the electric field lines can be approximated
one-dimensionally (Hirotani & Okamoto 1998):

mec
2d�

dx
= eEk � (�2 � 1)�TUb , (5)

where � is the Lorentz factor, me is the mass of the electron, �T is the Thomson cross section,
and Ub is the energy density of the background photons. The first term on the right-hand-side
is acceleration by the gap parallel electric field and the second is the Compton drag by the
background photons.

Under the assumptions that all motion is along the electric field lines and the e± spectrum
is monoenergetic at a given position, the continuity equations of e±s is
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where F
± are the number densities of �-rays propagating in the ±x-direction. The angle-

averaged pair production redistribution function, ⌘p, is discussed in detail in (Hirotani &
Okamoto 1998; Berestetskii, Pitaevskii & Lifshitz 1989). Using equation (6) one can see that
the current in the gap along a field line is conserved along x, which yields and expression for
the current density,
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The �-ray fluxes F± are described by

± @

@x
F

±(x, ✏�) = ⌘cn
±

s

1� 1

�2(x)
� ⌘pF

±(x, ✏�) , (8)

where ⌘c is the Compton redistribution function and is discussed in detail in [3,5]. For the
behavior of the charges and �-rays in the gap to be fully described one needs to choose
a spectrum for the background photons. It is customary to chose a power law spectrum,
dNs/d✏s = C(↵)✏�↵

s . Where ↵ is the spectral index and

C(↵) =
(2� ↵)Ub

(✏2�↵
max � ✏

2�↵
min )mec

2
, (9)

where ✏max and ✏min are the cuto↵ energies for the spectrum. In future studies di↵erent spectra
will be examined.

We should note that the above analysis assumed supermassive BH systems. For the solar-
mass BH, it should be modified include curvature radiation as well, to account for stronger
B-fields and smaller system sizes (=smaller curvature radii).

3.3 Gap structure: numerical implementation and preliminary results

A numerical code has been written to solve these ODEs coordinate for a specified photon
energy distribution. In the present implementation, we use 13 energy bins to approximate the
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whether orients outward or inward. We consider theE
Aformer case alone.

Under the assumption described above, all positrons
(or electrons) migrate outward (or inward) with speed
c[1[ 1/!2(x)]1@2 because we are considering mono-
energetic spectrum of eBs. Thus, the continuity equations
become

^ d
dx
C
nB(x)

S
1 [ 1

!2(x)
D

\P
0

=g
p
(vc)[F`(x, vc) ] F~(x, vc)]dvc , (12)

where the angle-averaged pair production redistribution
function is deÐned byg

p

g
p
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1
2
P
~1

1
dk
P
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(see Lifshitz, & Pitaevskii Here refersBerestetskii, 1989). p
Pto the cross section for pair production in a collision

between photons with energies and andm
e
c2v

s
m

e
c2vcmoving at an angle cos~1 k to each other. n`(x) indicates

the number density of outwardly moving particles, that is,
positrons in this case, while n~(x) indicates that of inwardly
moving particles, that is, electrons. FB(x, are the numbervc)density of c-ray photons propagating in the ^x-directions,
respectively, at a position x and in the nondimensional
energy interval refers to the numbervc D vc ] dvc ; dN

s
/dv

sdensity of background soft photons in the nondimensional
energy interval Only when two collidingv

s
D v

s
] dv

s
.

photons satisfy does has a nonvanishingcondition (11) p
Pvalue. It must be noted that the c-ray photons, which are

produced by the inverse Compton scatterings, are highly
beamed in the same direction of eBÏs one-dimensional
motion. That is, their distribution functions can be fully
described in terms of F` and F~.

We can easily see that the current, which is carried by eBs
along a given Ðeld line, is conserved along x. From one
combination of we haveequation (12),

d
dx
G
[n`(x)] n~(x)]

S
1 [ 1

!2(x)
H\ 0 ,

which yields

[n`(x)] n~(x)]
S

1 [ 1
!2(x)

\ j0
e

, (16)

where the current density is constant along a Ðeld line. Inj0order that the energy and angular momentum may be
extracted e†ectively from a rotating supermassive black
hole, must take the value ofj0

j0 D 10~13A a
M
BA M

108 M
_

BA B
104 G

B
abamp cm~2 . (17)

in order of magnitude (e.g., et al. (If we multi-Thorne 1986).
ply c\ 3 ] 1010 cm s~1 to this value, we obtain a current
density in the unit of statamp cm~2.) The other com-

bination of givesequation (12)

d
dx
G
[n`(x) [ n~(x)]

S
1 [ 1

!2(x)
H

\ 2
P
0

=g
p
(vc)[F`(x, vc) ] F~(x, vc)]dvc . (18)

Instead of we use equations and inequation (12), (16) (18)
what follows.

We next derive the Boltzmann equations for the c-ray
photons. As we noted in the previous subsection, we may
regard the c-ray photons as directed only in the ^x-
direction. Thus, the c-ray distribution functions FB obey

^ L
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FB(x, vc) \ g
c
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S
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!2 [ g

p
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where is the Compton redistribution functiong
c
(vc, !)

deÐned by
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the Klein-Nishina cross section is deÐned by (e.g.,pKN& LightmanRybicki 1979)
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Here, we implicitly assumed that the energy transfer from a
positron or an electron with a Lorentz factor ! to a photon
with incident energy is roughly inm

e
c2v

s
m

e
c2!2v

s
equation

this treatment will be justiÐed in order of magnitude.(20) ;
Of course, we could in general take its dependence on inci-
dent and scattered angles of photons into account and use a
more precise Compton scattering kernel. However, to
follow up such a detailed, complex argument further would
take us beyond the scope of this paper. So, we adopt

as a Compton redistribution function.equation (20)
The migrating eBs and the c-ray photons in the gap are

described by di†erential equations and It is(7), (8), (18), (19).
worth noting that n` and n~ are related by equation (16)
and that contains two independent equations.equation (19)
To integrate these Ðve di†erential equations, however, we
need to make some assumptions about the background
radiation Ðeld.

We shall suppose that the spectral number density of
background radiation per unit interval of can be rep-v

sresented by a single power law; i.e.,

dN
s

dv
s

\ C(a)v
s
~a , (22)

where C(a) is a decreasing function of a and is deÐned by

C(a) 4
2 [ a

vmax2~a [ vmin2~a
U

b
m

e
c2 ; (23)

and are the cuto† energies of the above spectrum.vmax vminIn what follows, we shall adopt

vmax\
30 keV
m

e
c2 \ 5.87 ] 10~2 , (24)
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described by di†erential equations and It is(7), (8), (18), (19).
worth noting that n` and n~ are related by equation (16)
and that contains two independent equations.equation (19)
To integrate these Ðve di†erential equations, however, we
need to make some assumptions about the background
radiation Ðeld.

We shall suppose that the spectral number density of
background radiation per unit interval of can be rep-v

sresented by a single power law; i.e.,
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pair production cross-section
Compton scattering cross-
section with Klein-Nishina
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Inside of the gap, the electrons/positrons (e±s) will be
accelerated by the Ek field. The motion of a single charge
can be determined by:
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where �, �T , and Ub are the Lorentz factor of the e
±,

the Thomson cross section, and the energy density of the
background photon field, respectively. These e

±s can
produce �-ray photons via inverse Compton scattering
with background photons [2]. The newly created �-rays
can now pair produce by colliding with other background
photons. If a �-ray with an energy of mec

2
✏� collides with

a background photon with an energy of mec
2
✏s, then to

produce an e
± pair the energies must statisfy:

✏�✏s � 2/(1� µ), (18)

where µ is the cosine of the angle between the colliding
photons.

Now considering the continuity equations for e
±, the

direction of motion of the charges is set by the direction
of the current, which is toward the BH in polar regions.
The continuity equations are:
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where ⌘p is the angle-averaged pair production redistri-
bution function and F

± are the number densities of the
�-rays traveling in the ±x direction. At the boundary of
the gap, Ek must go to zero. This only happens when
j0 = jcritical, where j0 is defined by:
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The critical current density is the constant outflow from
the gap. The �-ray distribution functions, F±, obey:
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where ⌘c is the Compton redistribution function. In order
to numerically solve for the �-ray distribution, ✏� needs
to be divided into energy bins. Let ⇠i and ⇠i�1 be the
upper and lower limits of the i

th normalized energy bin.
This allows us to rewrite the integral in Eq. 19 as a
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where � is the number of normalized energy bins. An
analogous approximation to Eq. 22 is implemented for
⌘c,
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allows usto express Eq. 21 as
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For all presented solutions, a power law spectrum for
the background photon number density with an index of
two is used. The dependence on the spectral index has
been explored elsewhere [3]. The minimum and maxi-
mum energies of the background photon spectrum are
4.1 eV and 102 keV, respectively. After splitting ✏� into
� discrete energy bins, we are left with 2�+3 ordinary
differential equations (ODEs). Solving the ODEs with
appropriate boundary conditions allows us to examine
the structure of the gap.

B. Boundary Conditions

The assumptions of symmetry that are used are as fol-
lows:

Ek(x) = Ek(�x),

�(x) = �(�x),

n
+(x) = n

�(�x),

F
+(x) = F

�(�x).

(28)

For example, F+(x) = F
�(�x) assumes that the ingo-

ing and outgoing �-ray number densities are the same.
These assumptions are applicable so long as the condi-
tions at the boundary of the gap are similar (with oppo-
site charge), i.e. the gap width stays small, less than a
percent or so, of the BH radius. Using these symmetries
allows us to set the boundary conditions at the center
of the gap and the edge of the gap; allowing us to only
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where ⌘p is the angle-averaged pair production redistri-
bution function and F

± are the number densities of the
�-rays traveling in the ±x direction. At the boundary of
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The critical current density is the constant outflow from
the gap. The �-ray distribution functions, F±, obey:
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where ⌘p is the angle-averaged pair production redistri-
bution function and F
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where ⌘c is the Compton redistribution function. In order
to numerically solve for the �-ray distribution, ✏� needs
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where ⌘p is the angle-averaged pair production redistri-
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percent or so, of the BH radius. Using these symmetries
allows us to set the boundary conditions at the center
of the gap and the edge of the gap; allowing us to only
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Illustration: photon flux 
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Build-up of photon fluxes

Seed photons:  
index-2 power-law,  
4 eV< E <100 keV
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FIG. 7: Comparison of �-ray fluxes in old and new
models (left and right panels, respectively). The old

model (sin2(✓)) is plotted on the left with the
normalized trend above the unnormalized trends. We
see the same behaviors and inter-model relationships as

before. Interestingly, the total �-ray flux increases
toward the equator, in contrast to the old model.

B. Changing of Spectral Index, ↵

The first challenges to the extended spectral study of
e
± cascade in the magnetosphere of black holes comes
with changing the spectral number density of ambient
soft photons of the system of equations. As expressed in
an earlier section, the system of equations that governs
this system is rigid, and pushes back any changes to the
equations when the system is stable. Viewing the spec-
tral number density as a function of photon energy for
di↵erent ↵ in (Fig. 8) illuminates the drastic di↵erence
of function between integer spectral index numbers. The
remaining panels show the spectral energy density as a
function of ↵ for the minimum, average, and maximum
input spectral energy. The steep curves and sharp in-
flection is the source of the challenge when it comes to
sweeping the index variable. The abrupt change in not
ideal for the shooting method and this system of equa-
tions, causing the calculations require immense compu-
tational resources.

While changing the spectral index has stretched com-
putational resources and the analysis of di↵erent spec-
tral states incident on the KBH system is ongoing, the
main trends as a function of ↵ at the axis of rotation
have been recovered (Fig. 9). While half gap width and
Lorentz factor show a manageable change in parameter,

FIG. 8: In the top right, the spectral number density as
a function of photon energy is plotted for di↵erent levels
of spectral index (↵) in log-log scale. The functional

trend as a function of energy across the di↵ering indices
illuminates the challenges of sweeping the system of

equations. The remaining three plots show the spectral
number density as a function of alpha for the minimum,
average (semi-log), and maximum (semi-log) photon
energy used in this study. The function’s most drastic
changes all center around the initial condition of ↵ = 2,
creating a challenge to sweep to other spectral indices.

the outgoing flux has posed certain numerical challenges.
The change in trend of the half gap width, Lorentz

factor, and particle flux as a function of spectral index
illustrates the drastic inflections encountered when the
code is solving the BVP, shown in (Fig. 9). These inflec-
tions are the main challenge when solving for di↵erent
spectral states, as the code must begin at the known so-
lution (↵ = 2) to solve for the next spectral state. The
di↵erent colors of the line signify the various data sets
used to create a semi-continuous trend. The code runs
for such a extended period of time that a single sweep is
not feasible at this time.

V. RESULTS AND DISCUSSION

In this paper we explored the role of the magnetic
field configuration around a spinning BH on the electron-
positron cascade and its properties in particular. Two
models, representing a thin accretion disk and a quasi-
spherical gas distribution were compared. We have
shown that the new magnetic flux model for a KBH e

±

cascade has not only shown the expected oppositely di-
rected trends, but delivered a more complex mathemati-
cal relationship as a function of polar angle. In compar-
ison with the original flux model of sin2(✓), (1� cos(✓))
allows a more realistic treatment of accretion disks far
way from the engine, close disks that are filled with thick,
hot material, and systems that have no disk at all such

spectrum of soft background photons
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FIG. 9: Depictions of the three main parameter trends
(half width, Lorentz factor, and outgoing flux) as a
function of ↵. The di↵erent colors represent di↵erent

data sets from the simulation as spectral index is swept
from ↵ = 2. The sharp inflection seen around ↵ = 2 is

believed to be the main challenge.

as the Milky Way.
This paper details the beginning of an extended study

on this new flux model as well as the first computational
challenges seen when beginning a study on the spectral
states of KBH systems. This study suggests that the
parameter trends as a function of ✓ are not simple mono-
tonic functions, but more complex expressions that have
a greater variance withing the di↵ering parameter sets,
such as the varying mass shown in this work. The in-
tuitive nature of behaviors in the gap remain; the �-ray
photon flux correlates with the max Lorentz factor and
anti-correlates with the gap width. Follow up studies
are underway examining di↵erent parameters and will be
readily compared to the results found in [20]. The physi-
cal and spectral parameter space available can help shed
light on how these systems utilize the BZ mechanism to
fuel powerful general relativistic jets seen in observations.
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index-2 power-law,  
4 eV< E <100 keV

M=107 M⦿ , a=0.9, B=104 G, U=106 erg/cm3

ρGJ
=0

BH

●●●●
●●●●
●●●●
●●●●
●●●●
●●●●
●●●●
●●●●
●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●

●●●●
●●●●
●●●●
●●●●
●●●●
●●●●
●●●●
●●●●
●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●

●●●●
●●●●
●●●●
●●●●
●●●●
●●●●
●●●●
●●●●
●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●

●●●●
●●●●
●●●●
●●●●
●●●●
●●●●
●●●●
●●●●
●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●

●●●●
●●●●
●●●●
●●●●
●●●●
●●●●
●●●●
●●●●
●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●

●●●●
●●●●
●●●●
●●●●
●●●●
●●●●
●●●●
●●●●
●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●

●●●●
●●●●
●●●●
●●●●
●●●●
●●●●
●●●●
●●●●
●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●

●●●●
●●●●
●●●●
●●●●
●●●●
●●●●
●●●●
●●●●
●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●

●●●●
●●●●
●●●●
●●●●
●●●●
●●●●
●●●●
●●●●
●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●

●●●●
●●●●
●●●●
●●●●
●●●●
●●●●
●●●●
●●●●
●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●●●

●●●●
●●●●
●●●●
●●●●
●●●●
●●●●
●●●●
●●●●
●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●●●

●●●●
●●●●
●●●●
●●●●
●●●●
●●●●
●●●●
●●●●
●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●●●

●●●●
●●●●
●●●●
●●●●
●●●●
●●●●
●●●●
●●●●
●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●●●
●●●●●●

●●●●
●●●●
●●●●
●●●●
●●●●
●●●●
●●●●
●●●●
●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●●●
●●

●●●●
●●●●
●●●●
●●●●
●●●●
●●●●
●●●●
●●●●
●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●●●
●●●●

●●●●
●●●●
●●●●
●●●●
●●●●
●●●●
●●●●
●●●●
●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●●●
●●●●

●●●●
●●●●
●●●●
●●●●
●●●●
●●●●
●●●●
●●●●
●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●●●
●●●●●●●●
●●

●●●●
●●●●
●●●●
●●●●
●●●●
●●●●
●●●●
●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●●●
●●●●●●●●

●●●●
●●●●
●●●●
●●●●
●●●●
●●●●
●●●●
●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●●●
●●●●●●●●
●●

●●●●
●●●●
●●●●
●●●●
●●●●
●●●●
●●●●
●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●●●
●●●●●●●●
●●

●●●●
●●●●
●●●●
●●●●
●●●●
●●●●
●●●●
●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●●●
●●●●●●●●
●●

●●●●
●●●●
●●●●
●●●●
●●●●
●●●●
●●●●
●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●●●
●●●●●●●●
●●●●

●●●●
●●●●
●●●●
●●●●
●●●●
●●●●
●●●●
●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●

●●●●
●●●●
●●●●
●●●●
●●●●
●●●●
●●●●
●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●

●●●●
●●●●
●●●●
●●●●
●●●●
●●●●
●●●●
●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●

●●●●
●●●●
●●●●
●●●●
●●●●
●●●●
●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●

●●●●
●●●●
●●●●
●●●●
●●●●
●●●●
●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●

●●●●
●●●●
●●●●
●●●●
●●●●
●●●●
●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●

●●●●
●●●●
●●●●
●●●●
●●●●
●●●●
●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●

●●●●
●●●●
●●●●
●●●●
●●●●
●●●●
●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●

●●●●
●●●●
●●●●
●●●●
●●●●
●●●●
●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●

●●●●
●●●●
●●●●
●●●●
●●●●
●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●

●●●●
●●●●
●●●●
●●●●
●●●●●●
●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●

●●●●
●●●●
●●●●
●●●●
●●●●●●
●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●

●●●●
●●●●
●●●●
●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●

●●●●
●●●●
●●●●
●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●

●●●●
●●●●
●●●●
●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●

●●●●
●●●●
●●●●
●●●●
●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●

●●●●
●●●●
●●●●
●●●●
●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●

●●●●
●●●●
●●●●
●●●●
●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●

●●●●
●●●●
●●●●
●●●●
●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●

●●●●
●●●●
●●●●
●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●

●●●●
●●●●
●●●●
●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●

●●●●
●●●●
●●●●
●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●

●●●●
●●●●
●●●●
●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●

●●●●
●●●●
●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●

●●●●
●●●●
●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●

●●●●
●●●●
●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●

●●●●
●●●●
●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●

●●●●
●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●

●●●●
●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●

●●●●
●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●

●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●●●
●●●●

●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●●●
●●●●

●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●●●
●●●●●●●●

●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●

●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●

●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●

●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●

●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●

●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●

●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●

●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●

●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●

●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●●●
●●●●●●●●●●
●●●●

●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●●●
●●●●●●●●●●
●●●●●●

●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●●●
●●●●●●●●●●
●●●●●●

●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●

●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●●●

●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●●●
●●●●●●●●●●●●

●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●●●
●●●●●●●●●●●●
●●●●●●●●●●

●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●●●
●●●●●●●●●●●●
●●●●●●●●●●●●

●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●●●
●●●●●●●●●●●●
●●●●●●●●●●●●
●●●●●●

●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●●●
●●●●●●●●●●●●
●●●●●●●●●●●●
●●●●●●●●●●●●
●●●●

●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●●●
●●●●●●●●●●●●
●●●●●●●●●●●●
●●●●●●●●●●●●
●●●●●●●●

●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●●●
●●●●●●●●●●●●
●●●●●●●●●●●●
●●●●●●●●●●●●
●●●●●●●●●●●●
●●●●●●

●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●●●
●●●●●●●●●●●●
●●●●●●●●●●●●
●●●●●●●●●●●●
●●●●●●●●●●●●
●●●●●●●●●●●●
●●●●●●●●

●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●●●
●●●●●●●●●●●●
●●●●●●●●●●●●
●●●●●●●●●●●●
●●●●●●●●●●●●
●●●●●●●●●●●●
●●●●●●●●●●

●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●●●
●●●●●●●●●●●●
●●●●●●●●●●●●
●●●●●●●●●●●●
●●●●●●●●●●●●
●●●●●●●●●●●●
●●●●●●●●●●●●●●
●●

●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●●●
●●●●●●●●●●●●
●●●●●●●●●●●●
●●●●●●●●●●●●
●●●●●●●●●●●●
●●●●●●●●●●●●
●●●●●●●●●●●●
●●●●●●●●●●

●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●●●
●●●●●●●●●●●●
●●●●●●●●●●●●
●●●●●●●●●●●●
●●●●●●●●●●●●
●●●●●●●●●●●●
●●●●●●●●●●●●

●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●●●
●●●●●●●●●●●●
●●●●●●●●●●●●
●●●●●●●●●●●●
●●●●●●●●●●●●
●●●●●●●●●●●●
●●●●●●●●●●●●●●
●●●●

●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●●●

●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●●●
●●●●●●●●●●●●
●●●●●●●●●●●●
●●●●●●●●●●●●
●●●●●●●●●●●●
●●●●●●●●●●●●
●●●●●●●●●●●●●●
●●●●●●

●●●●●●
●●●●●●
●●●●●●●●

●●●●●●
●●●●●●
●●●●●●●●

●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●●●
●●●●●●●●●●●●
●●●●●●●●●●●●
●●●●●●●●●●●●
●●●●●●●●●●●●
●●●●●●●●●●●●
●●●●●●●●●●●●●●

●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●●●

●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●●●
●●●●●●●●●●●●
●●●●●●●●●●●●
●●●●●●●●●●●●●●

●●●●●●●●●●●●
●●●●●●●●●●●●
●●●●●●●●●●●●●●

●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●●●

●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●●●
●●●●●●●●●●●●
●●●●●●●●●●●●
●●●●●●●●●●●●
●●●●●●●●●●●●
●●●●●●●●●●●●
●●●●●●●●●●●●

●●●●●●
●●●●●●
●●●●●●
●●●●●●●●

●●●●●●●●
●●●●●●●●

●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●●●

●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●●●
●●●●●●●●●●●●
●●●●●●●●●●●●
●●●●●●●●●●●●
●●●●●●●●●●●●
●●●●●●●●●●●●
●●●●●●●●●●●●●●

●●●●●●
●●●●●●●●

●●●●●●
●●●●●●●●

●●●●●●●●
●●●●●●●●

●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●●●

●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●●●

●●●●●●●●●●●●
●●●●●●●●●●●●
●●●●●●●●●●●●
●●●●●●●●●●●●
●●●●●●●●●●●●
●●●●●●●●●●●●●●
●●

●●●●●●
●●●●●●
●●●●●●●●

●●●●●●●●
●●●●●●●●

●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●●●

●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●●●

●●●●●●●●●●●●
●●●●●●●●●●●●
●●●●●●●●●●●●
●●●●●●●●●●●●
●●●●●●●●●●●●●●

●●●●●●●●●●●●●●
●●●●●●

●●●●●●
●●●●●●
●●●●●●●●

●●●●●●●●
●●●●●●●●

●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●●●

●●●●●●●●●●
●●●●●●●●●●

●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●●●

●●●●●●●●●●●●
●●●●●●●●●●●●
●●●●●●●●●●●●
●●●●●●●●●●●●
●●●●●●●●●●●●●●

●●●●●●●●●●●●●●

●●●●●●
●●●●●●●●

●●●●●●●●
●●●●●●●●

●●●●●●●●
●●●●●●●●

●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●●●

●●●●●●●●●●
●●●●●●●●●●

●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●●●

●●●●●●●●●●●●
●●●●●●●●●●●●
●●●●●●●●●●●●
●●●●●●●●●●●●
●●●●●●●●●●●●●●

●●●●●●●●●●●●●●
●●

●●●●●●●●
●●●●●●●●

●●●●●●●●
●●●●●●●●

●●●●●●●●
●●●●●●●●

●●●●●●●●
●●●●●●●●
●●●●●●●●●●

●●●●●●●●●●
●●●●●●●●●●

●●●●●●●●●●
●●●●●●●●●●

●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●●●

●●●●●●●●●●●●
●●●●●●●●●●●●

●●●●●●●●●●●●
●●●●●●●●●●●●
●●●●●●●●●●●●●●

●●●●●●●●●●●●●●
●●

0.5 1.0 1.5 2.0 2.5 3.0

0.5

1.0

1.5

2.0

2.5

3.0

MeV/cm2/s

4.0×1010

6.0×1010

8.0×1010

1.0×1011

1.2×1011



Angular structure similarity

Nice similarity of quantities normalized to 1 at θ = 0
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This allows to factor out other parameters -- next slide
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Figure 14. A comparison of the spectral transition from the
inner boundary of the gap through the center of the gap (bold
dashed line) and to the outer boundary of the gap (bold solid
line). Starting at 12% of the gap width after the inner (closest
to the BH) boundary (bottommost curve), 14 spectral lines
are shown. The top spectral transition plot is for Ub = 105

ergs/cm3. The bottom spectral transition plot is for Ub = 106

ergs/cm3.

Using a mass of 109.5M�, a spin of 0.65, and a magnetic
field of 15 G for M87 yields ⌥M87 = 0.11 [24, 25]. Sim-
ilarly, using a mass of 106.6M�, a spin of 0.65, and a
magnetic field of 30 G for Sgr A⇤ yields ⌥Sgr A⇤ = 1.3
[23, 26]. The order of magnitude difference between ⌥
is consistent with M87 being active and Sgr A⇤ not be-
ing active. Fig. 15 displays the gap width over BH ra-
dius versus magnetic field strength for M87 and Sgr A⇤

and eight additional AGN. Table II contains the physical
quantities used. Fig. 15 shows that the ratio of the gap
width to BH radius for AGN is < 1 for reasonable values

of the magnetic field.
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Figure 15. The curve for Sgr A⇤ is at the top and followed
by M87. Next is MCG–6-30-15 and NGC 3783. They are
followed by 1H0707-495. Next Mrk 79, Mrk 335, and SWIFT
J2127.4+5654 are clustered together. They are followed by
NGC 7469 and Fairall 9. The values for mass, spin, and
energy density in Eq. 36 are listed in Table II.

AGN Spin Mass Energy Density

M87 0.65 109.5M� 0.33 ergs/cm3

Sgr A⇤ 0.65 106.6M� 2.1 ergs/cm3

MCG–6-30-15 0.98 106.65M� 3.8⇥ 107 ergs/cm3

Fairall 9 0.65 108.41M� 8.2⇥ 104 ergs/cm3

SWIFT J2127.4+5654 0.65 107.18M� 5.0⇥ 106 ergs/cm3

1H0707–495 0.98 106.7M� 8.4⇥ 107 ergs/cm3

Mrk 79 0.7 107.72M� 4.0⇥ 105 ergs/cm3

Mrk 335 0.7 107.15M� 7.5⇥ 106 ergs/cm3

NGC 7469 0.69 107.09M� 3.8⇥ 107 ergs/cm3

NGC 3783 0.98 107.47M� 8.5⇥ 104 ergs/cm3

Table II. The values used in Eq. 36 to make Fig. 15 [20–24].
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Figure 12. The ? is a place holder that represents the maxi-
mum Lorentz factor, the maximum electric field, the gap half
width, and the photon energy flux. Each physical quantity
is normalized to its minimum value and then plotted with
respect to the background energy density on a log-log scale.

allow us to estimate, for example, the gap width versus
the BH radius for any maximumly spinning mass BH of
mass 107M� embedded in a 104 Gauss magnetic field.

V. DISCUSSION

Combining the data shown in Figures 7, 8, 11, and 12
and the data listed in Table III, we can construct expres-
sions to estimate the structure of the gap for any mass,
spin, magnetic field, and background energy density with
an angular dependence.
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Using Eq. 39, the gap (inner jet) luminosity per stera-
dian can be approximated,
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where we approximate the gap’s radial distance in a sim-
ilar fashion to Eqs. 36-39,
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By doubling Eq. 36 and dividing by the radius of the
BH, we can relate the relative full gap width, which is
a proxy to the efficiency of the plasma cascade process
over a wide range of parameters or for a particular ob-
ject. Comparing an active galaxy, e.g., M87, to an inac-
tive galaxy, e.g., Sagittarius A, is illustrative. First we
must estimate the background energy density from the
luminosity, Ub ' L/(4⇡cr2). We can estimate r using
the innermost stable circular orbit [19],
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The luminosity of M87 is 2.7 ⇥ 1042 ergs/s [20]. Sgr A⇤

has a luminosity of 1037 ergs/s [22]. Let the ratio of the
full width of the gap to the BH radius with ✓ = 0 be,

⌥ = 9.4⇥ 108r�1
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Using the same example as above, M87 and Sgr A⇤, we
can use Eq. 36 to make a plot similar to Fig. 13. Fig. 16
shows the gap widths of M87 and Sgr A⇤ to scale with
the BH radius. The inner boundary of the gap of Sgr A⇤

goes into the BH. Sgr A⇤’s gap is too close to the event
horizon to maintain the assumptions of symmetry in Eq.
28. Further study is needed to get a clear understanding
of the structure of the gap around Sgr A⇤. However, a
plausible interpretation of Fig. 16 is that when the gap
reaches the event horizon the cascade process becomes
too inefficient and therefore the Blandford-Znajek pro-
cess cannot power the jet. It is thus an intriguing possi-
bility that this effect can explain the conditions needed
for the AGN jet to occur.

Figure 16. The BH radius of a maximumly spinning BH has
been set to one and the gap widths have been left to scale.
M87 has a luminosity of 2.7 ⇥ 1042 ergs/s, mass of 109.5M�,
a spin of 0.65, and a magnetic field of 15 G. Sgr A⇤ has a
luminosity of 1037 ergs/s, mass of 106.6M�, a spin of 0.65,
and a magnetic field of 30 G.

VI. CONCLUSIONS

In this paper we explored a plasma cascade model that
produces a force-free magnetosphere around stationary,
axisymmetric Kerr BHs. A force-free magnetosphere is
needed for the Blandford-Znajek mechanism to efficiently
convert rotational energy from the BH into Poynting flux
that can power relativistic jets. The 2D structure of the
gap – where the electron-positron cascade takes place –
in the magnetosphere was examined. Considering a gap
that is thin with respect to the size of the BH, we as-
sumed the structure inside of the gap to be symmetric

and employed a power law spectrum with a single power
law index. Using these assumptions we were able to nu-
merical compute the 2D structure of the gap over three
orders of magnitude in BH mass and magnetic field, two
orders of magnitude in background photon energy den-
sity, and over all spin. Probing this parameter space
allowed us to construct Eqs. 36-39 and to give estimates
for the structure of the gap for observed BHs (see Figs.
15 & 16). Solving for the 2D structure of the gap shows
that the cascade is most efficient and energetic along the
axis of rotation. A key aspect of the cascade process is
the Comptonization of background photons; the outgoing
energy flux of these photons and the gap (inner jet) lumi-
nosity can be estimated with Eqs. 39 & 40 and examples
are shown in Figs. 4 & 6. One intriguing observation,
shown in Fig. 16, is that for non-jet-producing AGN, the
distance between the inner edge of the gap and the BH
horizon is small or vanishes. Bright AGN radio emission
is commonly attributed to a jet. Here we showed that
the pair-production efficiency controls the gap size and,
likely, the origin of a jet. Thus we speculate that it is
the gap cascade efficiency that can control and lead to
the observed radio-loud/radio-quiet dichotomy of AGNs
[27]. Further investigation into the relationship between
gap width and jet production is needed. All specifics of
these results are tentative until further work has been
done to use a more realistic background spectrum and
relax the assumptions of symmetry in the gap. Never-
theless, the assumptions used do cover a large set of BH
environments; and therefore, the general trends are ex-
pected to hold.
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Puzzle: jet in 3C120

the overall spectrum as a once-broken power law, with the two
parts intersecting around the break frequency. The hard power
law has αthick= 0, and the power law fitted to the IR part of the
spectrum has αthin≈−1.09± 0.02. This is shown by the
dashed line in Figure 2, where we see it still provides a fair
approximation to the entire spectrum.

In our modeling, we follow the formulation of the partially
synchrotron self-absorbed conical jet model given in Z22,
which we summarize in the Appendix below. The break
frequency, ν0, is defined as corresponding to a unit optical
depth at the base of the emitting part, z0. The broken-power-law
approximation is given by Equation (A1). For 3C 120, we find
ν0 and Fν at ν0, denoted hereafter as F 0n , as

( )F3.15 10 GHz, 3.0 Jy. 30
3

0n » ´ »n

The hard index of αthick= 0 corresponds to the canonical
(Blandford & Königl 1979) power-law dependencies of the
electron number density and the magnetic field strength,

( ) ( )n z n z z, a p
0 0g g= - - (where γ is the electron Lorentz factor),

( ) ( )B z B z z b
0 0= - , respectively, with b= a/2= 1. The soft

index of αthin=−1.09 corresponds to the power-law index of the
synchrotron-emitting electrons of p= 1− 2αthin≈ 3.18. We also
need to set the minimum and maximum values of γ, which we
assume to be 2ming = (approximately the minimum for which the
relativistic formulae are valid) and 10max

4g = . These values give
a low average electron kinetic energy of≈2.7mec

2, where me is the
electron mass. Given the relative steepness of the electron
distribution, all derived quantities weakly depend on maxg .
Furthermore, we assume the ratio between the energy densities
of the matter (kinetic only) and magnetic field of βeq= 1, where
we further assume the only contribution to the matter kinetic
energy density is from the relativistic electrons; see Equation (A5).
We stress, however, that a contribution from ions is possible.

In order to estimate the uncertainty ranges of our derived
quantities, we find their extreme values by varying the values
of i, Γ, Θ, and Laccr in the ranges given in Equations (1)–(2)).
Some of those ranges are large, violating the assumptions
behind the standard propagation of errors, and thus the above
procedure gives more realistic, as well as conservative, error
ranges.

Knowing ν0, F 0n , p (from the observed spectrum), and D, Γ,
i, and Θ (from other observations, Section 1), as well as
assuming ming , maxg , and βeq, we can use standard formulae for
the synchrotron emission and absorption and the relativistic
transformations and determine the distance of the onset of the
emission, z0, and the magnetic field strength there, B0; see
Equations (A3) and (A4), respectively. For our estimated
values, we find

( )z R2.0 10 cm 1.9 10 , 40 0.5
1.3 16

0.4
1.3 3

g» ´ » ´-
+

-
+

( )B 47 G. 50 17
31» -

+

The dependence of z0 on βeq is very weak, as eq
0.05bµ - , and also

the dependence on ming is weak. Our estimate of z0 is consistent
with the existing estimates of the location of blazar zones (where
the bulk of the high-energy emission originates), which are found
at distances between those of the broad-line regions and the
molecular torii, ∼103–105Rg (e.g., Madejski & Sikora 2016).

We can compare the above estimate of B0(z0) with that using
measurements of the core shift, which is an angular displace-
ment of the position of the radio core between two frequencies

(Lobanov 1998). It appears that the only such measurements
for 3C 120 are those of the angular shift between 2.3 and
8.6 GHz of 1.196± 0.018 and 0.956± 0.016 mas by Kovalev
et al. (2008). To estimate the magnetic field from them, we use
Equation (7) of Zdziarski et al. (2015). Using the range of the
measured core shift and the assumed Γ, i, and Θ, we find
B0(z0)≈ 27 and 23 G, respectively, with the total uncertainty
range of 18–34 G, i.e., about 50% of the values estimated from
the break frequency and the flux. Because the two sets of
values are estimated based on frequencies separated by a factor
of ∼102, we consider them to be in relatively good agreement.
Given the values of B0 and ν0, we can estimate the electron

Lorentz factor corresponding to the bulk of the emission in the
partially self-absorbed part—see Equation (16) of Z22—

⎜ ⎟⎛⎝ ⎞⎠ ( )B
B

h
m c

90 , 6bulk
cr

0

0

e
2

1 2

10
10g

n
d

» » -
+

where δ is the Doppler factor, Bcr is the critical magnetic field
strength, and the numerical value is for our determined
parameters. For the validity of the assumed model, ming needs
to be a factor of at least a few lower than γbulk. This shows ming
needs to be relatively low, but it could still be larger than our
assumed 2ming = .
Next, we can calculate the rate of the flow of electrons

through the jet, Ne , which is given by the relativistic number
flux; see Equation (A7). Substituting our assumed values and
obtained solutions, we find

( )N 2.7 10 s , 7e 2.3
12 49 1

min
p
p

p
p

8 2
13 2

7 12
13 2 g» ´ µ Q-

+ - +
+

-
+

which is an increasing function of Γ, Θ, and i. The dependence
on ming is approximate, valid for 1min g .
We then compare the rate of Equation (7) to an estimate of

the pair-production rate within the jet base due to collisions of
photons from the accretion flow. We use the average OSSE
spectrum obtained by Woźniak et al. (1998), shown in
Figure 3. For comparison, we also show the average spectrum5

from Neil Gehrels Swift Burst Alert Telescope (BAT; Oh et al.
2018). Apart from a slightly higher normalization, its part at
50 keV is compatible with the average from the OSSE. We
have fitted the OSSE spectrum by a power law, shown by
the red line. We find 1.11X 0.26

0.27a » - -
+ and the normalization of

( )EF 511 keV 0.015E 0.05
0.07» -

+ keV/(cm2 s), where the uncertain-
ties are 1σ (but αX and EFE are strongly correlated). This gives
us the density of photons within the jet base, Equation (A10).
We then calculate the rate of pair production by photons with
such a power law, which also depends on the assumed
characteristic sizes of the hot plasma, Rhot, and the jet base, Rjet;
see Equation (A11). From it, we obtain

⎜ ⎟ ⎜ ⎟⎛⎝ ⎞⎠ ⎛⎝ ⎞⎠ ( )N
R

R

R

R
2 3.9 10

10
s . 82.8

6.3 49 hot

g

1
jet

hot

2
1 » ´+ -

+
-

-

(The given uncertainty is for the 1σ joint αX–EFE(511 keV)
error contour.) This pair-production rate is then balanced by the
sum of the rates of pair annihilation and pair advection. The
equilibrium Thomson optical depth of the pairs is of the order
of unity. Still, the advection downstream along the jet is likely

5 https://swift.gsfc.nasa.gov/results/bs105mon/226
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Abstract

We calculated the electron–positron pair-production rate at the base of the jet of 3C 120 due to collisions of
photons from the hot accretion flow using the measurement of its average soft gamma-ray spectrum by the
Compton Gamma Ray Observatory. We found that this rate approximately equals the flow rate of leptons emitting
the observed synchrotron radio-to-IR spectrum of the jet core, calculated using the extended jet model following
Blandford & Königl. This coincidence shows the jet composition is likely to be pair dominated. We then calculated
the jet power in the bulk motion of ions and found it greatly exceeds that achievable by the magnetically arrested
disk scenario for the maximum black hole spin unless the jet contains mostly pairs. Next, we found that the
magnetic flux through the synchrotron-emitting jet equals the maximum poloidal flux that can thread the black
hole. Finally, we compared two estimates of the magnetization parameter at the onset of the synchrotron emission
and found they are in agreement only if pairs dominate the jet content.

Unified Astronomy Thesaurus concepts: Relativistic jets (1390); Non-thermal radiation sources (1119); Accretion
(14); Active galaxies (17); Radio galaxies (1343)

1. Introduction

We consider possible mechanisms to produce electron–
positron (e±) pairs at the base of relativistic jets. There are a lot
of indications that extragalactic jets contain e± pairs dominat-
ing their content by number (e.g., Ghisellini 2012; Pjanka et al.
2017; Snios et al. 2018; Sikora et al. 2020; Liodakis et al.
2022). However, it is not clear what the mechanism producing
those pairs is.

One possibility is pair production in the ergosphere of a rotating
black hole (BH; Blandford & Znajek 1977). If the charge density
there is low enough, a strong electric field forms a “spark gap,”
where electrons are accelerated to relativistic energies. These emit
energetic γ-rays by Compton-scattering ambient soft photons. The
γ-rays in turn produce e± pairs in collisions with ambient photons.
However, the electric field will be screened when the charge
density in the ergosphere becomes higher than the Goldreich–
Julian (Goldreich & Julian 1969) density, nGJ=ΩB/2πec, where
Ω is the BH angular velocity, B is the strength of the magnetic
field of the magnetosphere, and e is the electron charge. The pairs
are produced above the gap (see Figure 1 in Levinson &
Rieger 2011) and thus the density there can exceed nGJ by some
factor, which Levinson & Rieger (2011) estimate to be 103. As
found to follow from that estimate, this mechanism can be
efficient in low-luminosity sources (Levinson & Rieger 2011;
Mościbrodzka et al. 2011). On the other hand, the electron density
close to the BH in blazars has been estimated to be much larger,
∼(1010–1013)nGJ (Nokhrina et al. 2015). Here we accounted for
the synchrotron-emitting electrons only, without counting any
background electrons, which Nokhrina et al. (2015) also included.
Even without those electrons, it appears unlikely that such high
electron densities can be obtained by this process.

An alternative is pair production within the jet base via
collisions of energetic photons originating in the accretion flow
(Henri & Pelletier 1991; Beloborodov 1999; Levinson & Rieger
2011; Aharonian et al. 2017; Sikora et al. 2020). Figure 1 presents
an illustration of the assumed geometry (see also Figure 3 in
Zdziarski et al. 2022, hereafter Z22). The rate of the pairs
produced at the base can be compared with the flow rate of
nonthermal relativistic electrons emitting synchrotron emission far
downstream in the jet. Such a comparison was done for the
microquasar MAXI J1820+070, where these two rates were
found to be of the same order (Z22).
The ability of loading jets by pairs at their bases was also

studied for active galactic nuclei (AGNs) using blazar and/or
core-shift models combined with data on their radio lobes
(Kang et al. 2014; Sikora 2016; Pjanka et al. 2017). However,
this can be tested in some AGNs more directly, in a similar way
to that in the case of the microquasar MAXI J1820+070, i.e.,
by using radio-IR spectra of compact jets and hard X-ray/soft
γ-ray spectra of their accretion disk coronae. This is usually not
possible in blazars, where the beamed jet emission dominates
over the X-rays from accretion. A suitable class of objects is
broad-line radio galaxies, where the jet is viewed from a side.
We have found the broad-line radio galaxy 3C 120 to be well
suited for such calculations.
This is a well-studied, strong, and prominent jet source

(Marscher et al. 2002), but at the same time, its X-ray emission
is dominated by its accretion flow, as evidenced by the detection of
strong reflection features (Zdziarski & Grandi 2001; Lohfink et al.
2013). The model of the broadband jet spectrum from 3C 120 by
Janiak et al. (2016) also implies a weak jet contribution to the
X-rays. The source was observed about 10 times by the Oriented
Scintillation Spectroscopy Experiment (OSSE) detector (Johnson
et al. 1993) onboard the Compton Gamma Ray Observatory,
whose average spectrum was published by Woźniak et al. (1998),
and compared to a number of X-ray observations at lower energies
in Zdziarski & Grandi (2001). Apart from a moderate difference in
the normalization, the OSSE spectrum (starting at 50 keV) was in

The Astrophysical Journal Letters, 928:L9 (6pp), 2022 March 20 https://doi.org/10.3847/2041-8213/ac5b70
© 2022. The Author(s). Published by the American Astronomical Society.

Original content from this work may be used under the terms
of the Creative Commons Attribution 4.0 licence. Any further

distribution of this work must maintain attribution to the author(s) and the title
of the work, journal citation and DOI.

1

(1) Simulations yield ne ∼ 10−3cm−3 hence ·ne ∼ necR2 ∼ 1035s−1 ≪ 1049

(2) Maximum estimated yield assumes  that all gamma-ray flux is converted into pairs 

Lγ ∼ 3 × 1036erg/s is equivalent to ·ne ∼ 1042s−1 ≪ 1049

Why the discrepancy?



Conclusions

– leptons

– cascade (photon SED, B, a)

– interesting & useful scalings obtained

– nsAGN are observable* ("not-so-ActiveGN")

– near-threshold gaps --> affect jet formation

– obs. vs theor. lepton production too large? 

– 1D, fixed B, fluid e+e-, approx Compt, pair prod.

• jet composition 

• jet’s “electric switch” 

• gap structure 

• gap emission 

• Sgr A*, M87 

• 3C120 

• beware

*Fermi can see ~ 1039 erg/s at 1 Mpc at 100 MeV, 
Can see nsAGN: M ~ 106 , B ~ 104, Ub <~10 at 10 Mpc


